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Abstract — Several tables have been given due to @ —minimal sets. Our main aim in this paper is to
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PRELIMINARIES

Let X be a compact Hausdorff topological space, S be a topological discrete semigroup with
identity ¢ and w: X xS —> X (m(x,s)=xs (Vx € X,Vs €.§)) be a continuous map such that for
all xe X and for all s,¢€S, we have xe=x and x(st) = (xs)¢, then the triple (X,S,®) or
simply (X,S) is called a transformation semigroup. In a transformation semigroup (X,S) we have
the following definitions:

1. For each s € §, define the continuous map ©° : X = X by xn* =xs (Vx e X), then E(X,S)
or simply E(X) is the closure of {rn’|se S} in X* with pointwise convergence, moreover, it is
called the enveloping semigroup (or Ellis semigroup) of (X,S). E(X) has a semigroup structure
[1]. A nonempty subset K of E(X) is called a right ideal if KE(X)c K, and it is called a
minimal right ideal if none of the right ideals of E(X) is a proper subset of K. The set of all
minimal right ideals of E(X) will be denoted by Min(E(X)).

2. A nonempty subset Z of X is called invariant if ZS < Z . Furthermore, it is called minimal if it is
closed and none of the closed invariant subsets of X is a proper subset of Z . The element a € X is
called almost periodic if @ E(X) is a minimal subset of X .

3.Let a € X, A be anonempty subset of X, C be a nonempty subset of E(X), and K be a right
ideal of E(X), then for each peE(X), L, :E(X)—>E(X) such that L (q)= pq
(Vg € E(X)) is a continuous map. The following sets are introduced:

B(K)={peK|L,:K — Kisbijective}, F(a,C)={peC|ap=a},

S(K)={peK|L,:K - Kissurjective},  F(4,C)=[F(b,C)>

beAd

I(K)={peK|L,:K — Kisinjective}, F(4,C)={peC|Ap=A4},
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236 F. Ayatollah Zadeh Shirazi / M. Sabbaghan

IO)={peC|p’=p}.

4.Let a € X, A beanonempty subset of X ,and K be a closed right ideal of E(X), then:
e K iscalled an a —minimal set if:

ak = aB(X),

K does not have any proper subset like L, such that L is a closed right ideal of
E(X) and

al = aE(X),

the set of all @ —minimal sets is denoted by M(a) and it is nonempty;
e K iscalledan A4 —minimal setif:

Vbe A bK=bE(X),

K does not have any proper subset like L, such that L is a closed right ideal of
E(X) and bL=bE(X) forall be 4, .

the set of all 4 —minimal sets is denoted by M(A4) and is nonempty;

. K is called an 4 —minimal set if:

AK = AB(X),

K does not have any proper subset like L, such that L is a closed right ideal of
E(X) and

AL = AE(X),

the set of all 4 — minimal sets is denoted by M(A) )
5. The following sets are introduced:

MX,S)={Adc X |A=DA(VK e M(4) JF(4,K))+D)},
MX,S)={AC X | A% D AMA) =D A (VK € M(4) I(F(A,K)) # D)} .
6. Let a € X and A4 be a nonempty subset of X , then:
(X,S) is called a —distal if E(X) € M(a),
o (X,S) is called A= distal (or simply A —distal) if (X,S) be b — distal foreach b e A4,

. (X,S) is called 422 distal if E(X) € M(4),
(X,S) is called 4™ distal if E(X) € M(4).

.
7. Let A and B be nonempty subsets of X and R,Q € {M,ﬁ} , then:
) B is called 4= almost periodic if:
Vae A VKeM(a) VbeB ILeMp) LcK,
o B is called 452 almost periodic if:
Vae A VKeM(a) ILeR(B) LcK,
o B is called 42 almost periodic if Q(A) # & and:
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VKeQ(4) VbeB ILeM(h) LcK,

o B is called 422 almost periodic if Q(A4) # & and:
VKeQ(4) dLeR(B) LcK.

Example 1. Let X, =[-L1] (with the induced topology of R) and §, be the group of all
homeomorphisms like f: X, — X, (S, has the discrete topology), then in the transformation
semigroup (X,,S,) we have:

1.If a e[-1,1], and:

a B

{(1+a)x+a -1<x<0 {x x=1-1 {—1 —1<x<anx=#1
XS = Ma:

> XM, = > X
(I-a)x+a 0<x<1 1 a —-l<x<l1 I a<x<lvx=1

then s, € §;, M,,u, €ECX,), ny =p, and M =p .

2. We have:

i. Using the connectness of [—1,1], for all s € S, we have {-1,1}s = {~1,1} and —s € S|, moreover,
forall a,b e X, —{—11} there exists ¢ € S, such that at = b,

.. o {_151} X e {_lal}
. x§, = )
[-L1]=X, xe(-LD
iii. VxelX, p, EX)={-p,un.t,
iV' VXE(—I,I) nx E(Xl):{(_l)kny |y€X15k:192}'
3. We have:
i Only 1 and —1 are almost periodic points of (X, S,),
ii. {=11} is the unique minimal subset of (X, S,),
iii. for xe X, {-p, 1 } is a minimal right ideal of E(.X,),
iv. e, oy, Mosna o,y are the only proper subsets of
{(—l)kny | ¥ € X,k =1,2} which are right ideals of E(X).
So: .
v {ip, 1} e X} is a subset of M(I)(= M(=1) = M({(-L1}) = M({-L1})
vi. Vxe(-L) n, B(X,)={(-Dn, |ye X,k =12} e M(x),
vii. VAc X, (An(-L)z0= {(—l)kny lyeX,,k=12}e M(A)) .

4. Let K = {(—l)kny | v e X,,k =12}, itis easy to see that:

L J(K) = {T]y lye X}, S(K)=B(K)=1(K) =K —{—n_,n,,—M,,n,}>
.. ...} xe(-LD
F k) Z{{m yeX,) xeily’

fii. Vye X, Vaei-Ll} Fla,{-u,p15)=J(-1,010) =5,
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238 F. Ayatollah Zadeh Shirazi / M. Sabbaghan
iv. Vxe X, S({-u.,u. ) =I1({-u,,u 1) =B{-p,,u.)={-u,u}.
5. M(X,,S,)=M(X,,S,) = {AC X, | A# D rcard(4 (-L1) < 1}.

(Caution: for each p € X Y by — p we mean x(=p) =—(xp) (forall x e X,).)

Proof.
1. We have the following cases:
. a =-1,1: For each n € N, define:

2n-Dx+2n—-2)a —1£ax£—1+l

xfn: B n‘
X +(2n 2)a —1+1Saxsl
2n—1 2n—1 n

. —1<a<1: Choose m e N such that

Foreach neN, f, €S,,and lim f, =na,thuS{Aa =1, € E(X)).
a

1 1
- |neN}u{a+ |neN} is a
n+m n+m
subset of (—1,1). For each n > m define:

(na+n—-x+na+n-2 —1Sx£—1+l
n
1 1
xf, = +a ~1+—<x<1——,
n—1 n n
(—na+n—-Dx+na—n+2 l—leSI
n
X +1—n(a+1) l<xr<a
n(a+1) n(a+1)
xg, = x(2n_2)+M <a+—
n
— +n(a—1)+2 a+le£1
na-)+1 n(a-1)+1 n

Foreach n>m, f,,g, €S,,and limf, =n,, limg, K =p, thus n ,u, € E(X)).
n>m n>m
2.
iii. Let @ € X,. Each s € S, is monotone, thus if s is increasing we have p s=p, and if s is
decreasing, then p,s =—p,,so p, S, ={-p,,u,} and p, E(X,))=pn,S, ={-n,,u,}.
iv. Let ~1<a<1. Each s €S, is monotone, thus if s is increasing we have m,s =m, and if s is

decreasing, then n s =-n_, . On the other hand, for each —1<5 <1 there exists an increasing ;¢ s, such

that as=b, thus n,$, ={(=D)"n, [y e (-LD,k=12} and {(-)'n,|ye[-LI.k=12}cn,S, =n, EX,)-
Now let {n, }

be a convergent net in 1, E(X,). By compactness of [-1,1] there exists y e[-1,1]

ael’

and a subnet of {y,}, like {y, }pq such that limy, =y, thus lﬁirgnya =m,, S0
Q) €! o
n, E(X,)=n,S, < {(-D"n, | y e[-11],k = 1,2}, which completes the proof.

3.
1. Use (i) and (i1) in item (2).
il. Use (i) in item (2) and (i).
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iii. Use (iii) in item (2).
iv. By a similar argument as in (iv) in item (2), for ae{-11} we have
n, E(X,) ={m,.n,} . Now use (iv) in item (2).
V. By (i) the elements —1 and 1 are almost periodic, thus

M(1) =M(-1) = M( {-=1,1}) = M({-1,1}) = Min(E(.X, )) ,on the other hand by (iii) we have
{{-p,p, xe X} < Min(E(X))).

vi. If —1<a<1 by (ii) in item (2), a E(X,) = X, on the other hand by (iv) in item (2) we
have an, E(X,)= a{(—l)kny |ve X,,k=12} = X,. Moreover, for each be{-L1} we have
a{-m,,n,} = {~L1} # X, which completes the proof by (iv).

Vil. Use (vi).

4. Foreach —1<a<1 we have J(F(a,{(-1)"n |y e X,,k=1,2})) = {n,}. Thus if card(4 N (-1,)) <1
(and 4 = @), then by (vii) and (v) in item (3),“ we have 4eM(x,,S,), and if card(4 N (-11))>2 we
have J(F(4,{(-1)'n, |y € X,k =1,2}))= @, but by (vii) in item 3){(-1)'n, |y < X,.k =12} € M(4).
thus 4 ¢ M(X,,S,). ThereforeM(X,S,) ={Adc X, | 4 # D A card(4A N (-1,1)) <1}. Now by a similar
method described for (vi) in item (3), for each subset 4 of X, such that An(-11)=J we
have {(-1)"n, |y e X,k =12} e M(4), moreover ifcard(A4 M (=1,1)) > 2, then

JEAAD N, [y e Xk =12) = JFEUAID n, | ye X, k=12)=2.

which leads us to the desired result.

Example 2. Let X, be an infinite fort space with the particular point b (i.e., X, is infinite,
beX,, and X, is occupied with topology {UcCX,|begU vcardlX,-U)<N})
€:X, > X, is a one to one map such that for each x € X, and ne N, x&" = x if and only if
x=>b,and let S, ={&" |n>0} (S, has the discrete topology), then in the transformation semi
group (X,,S,) we have:

1.
i E(X,)=S,u{b},
ii. E ={b}, b is the unique almost periodic point of (X,,S,), and {b} is the unique
minimal right ideal of E(X,),
ii. if L is a right ideal of E(X,) and L # {b}, then there exists n>0 such that

L=&"E(X,).
2. If A isanonempty subset of X, , then:

i M(b) = {1b}},

ii. M(A) ={E(X,)} (e, (X,,S,) is AN distal) if and only if 4 # {b},
iii. (X,,S,) is A—distal ifand only if b ¢ A4,

iv.  JE(X,)) =1b,id ), I(E(X,)) = S,, S(B(X,)) = B(E(X,)) ={id §,

v. M(X,,S,)={dc X, | d=D}.

Proof. First note that &: X, — X, is continuous. For this aim let U be an open subset of X, if
beU ,then bg &' (U) and &' (U) is an open subset of X, , also if X, —U is finite since & is
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1-1, 50 X, —& ' (U) is finite too and &' (U) is an open subset of X, , thus &: X, = X, is
continuous.

1.

i. We claim that llm&" =b.Let ae X, and U be an open neighborhood of b, then
X, =U is finite, by the hypothe51s on & the set {meN|af" €(X, —U)} is finite and for each
k>max{meN|at" e (X,-U)}, at"eU, thus llmai =b and llmé =b, so
S, u{b} c E(X,). Moreover if §e€E(X,), then there exists a net {&" n}ael" such that
llmi « =9,if 3 # b there exists a # b such that a9 # b and llma§ © =al. The set
{XaS} is an open neighborhood of a3, thus there exists eI Such that for each o > we have
at™ e {a8} and af™ =aY, thus for each o> we have n, =n, (by our hypothesis on & and
ad#b)thus $=E",s0 E(X,) = S, U {b}. Therefore E(X, ) S, Uib}.

il. bS, = {b} thus b is almost periodic. If @ # b then b € aS (by (1)) and a ¢ bS ={b}
thus a is not almost periodic. Moreover, if [ is a right ideal of E(X,), then
b}y =(S, U{b}b=E(X,)b2Ib, thus {b}=Ib is a subset of /. Moreover {b}=5(S, U{b})=bE(X,),
thus {b} is a minimal right ideal of E(X,), so {b} is the unique minimal right ideal of E(.X,).

iii. Let n=min{m|E" € L}, thus by (i) L<&"E(X,)={&" |[m2n}U{b}. On the
other hand, let m>n thus " =&"§"" € L (since &" € L and L is a right ideal of E(X,))
therefore {£" |m>n} < L, thus {£" |m>n}U{b} < L (by the argument in (ii)). Therefore

L=¢"E(X,).

2. Let A be a nonempty subset of X, .

1. Use (ii) in item (1).

il. If M(A4)={E(X,)}, then by (i) A#{b}. If A#{b} choose aec A—{b} and

K e M(4) so aE(X,)=aK ,by (i) in item (1) there exists # > 0 such that af" =a and £" € K .
By our hypothesis on & we have n =0 so id, €K and K =E(X,).
iii, v. Use (i1).

Example 3. Let X, = 1 |neNyU{0} (with the induced topology of R), &: X, — X, by
x§=i (xeX;) anrél let S;=4{&"|n=0} (S, has the discrete topology), then in the
transfgrrjla}tion semigroup (X,,S;), ﬁ(X3,S3) = E(X3,S3) ={Ac X, | A# D}, and for each
nonempty subset 4 of X, we have M(A) = ﬁ(A) (this example is a special case of Example 2).

Proof. By Example 2 we have M(X;,S;)={4C X, | A= D}. Now let {0} = A M(X,,S,)

and K be a closed right ideal of E(.X,) such that AK = AE(X;). As 4 # {0} we have K = {0},
thus by (iii) of item (1) in Example 2 there exists 7 > 0 such that K =&" E(X;) we have:

min{m | s € AE(X3)}+n = min{m | S € A&” E(X3)}
m m
=min{m|leAK}zmin{m|leAE(X3)}
m m
thus 7 =0, K =E(X,) and M(A4) = {E(X,)}. So M(4) = {E(X,)} if and only if A # {0} and

M(X,,S,)={4Ac X, | A# D} . Using (ii) in item (2) of Example 2 will complete the proof.
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1
Example 4. Let X, = {— |ne N} WU {0} (with the induced topology of R). Define §: X, = X,
by: n

X
XE_,: E X€X4—{1}'
0 x=1

Take S, ={&" |n >0} (S, with the discrete topology), then in the transformation semigroup
(X,,S,) we have:
1.

i E(X,)=S8,{0},

ii. 0 is the unique almost periodic point of the transformation semigroup (X,,S,) and {0}
is the unique minimal right ideal of E(X ),

. M(0) = {{0}}.

2. If A is anonempty subset of X, , then:

i M(4) = {{E(X Db A#{0) ((X,.S,)is A% distal) ’
{{0}} A=1{0}
_ %) card(4) =N,
i. M(4) =1{{0}}  A4={0} ’

(E(X,)} otherwise  ((X,,S,)is 42 distal)

iii. (X,,S,) is A—distal ifand only if 0 ¢ A4 .

Proof.

1.

i. We have lirﬁl&" =0,s0 S, U{0} c E(X,). Moreover, for 8 € E(.X,), there exists a

- en : . 1

net {"} . such that hnrlé « =9 and if 9#0, there exists n € N such that —9#0 and
1 1 - "

llnrl—é"“ =—3, thus there exists B € " such that for each o0 >3 we have lg"u = ls, therefore
ael p n n n

1., 1 1 1 .
for a > P we have —&™ =—&" =—9#0 thus = ,ie, n, =ng (forall =),
n n n n—-n, n-—n

thus 9 =&" and E(X,) = S, U{0}. Therefore E(X,) =S, U {0? :

ii. OE(X,)=1{0}, therefore O is almost periodic. For each neN we have
1 1 1 1
0e—E(X,)(=-S, ={—|mSn}u{O}={—|mSn}u{O}), but leeOE(XA‘)(z{O}),
n n m m n
therefore — is not almost periodic. Moreover, if [ is a right ideal of E(X,), then
n

{0} =10 c T E(X,) c I, thus {0} is the unique minimal right ideal of E(.X,).
1. Use (i1).
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2.

i. If 4+ {0} choose n e N such that 1 €4 and K € M(A) As lK = lE(X4) there
exists m > 0 such that £" € K and lgm _1, thgrefore m=0,id, €K anIZi K =r]lE(X4). Using
(ii1) in item (1) will complete the proofrf !

il. If card(4) <N, and 4 # {0}, let m = maxq{n | 1 € A; and let K be a closed right
ideal of E(X,) suchthat AK = AE(X,), (thus 4 < AK) sonthere exist g € N and p e NU {0}
such that leA, &’ e K and lzlép by m2gq weget p=0,id, €K and K =E(X,),
thus ﬁ(/gi . If card(A4) = t*’?o , tgen for each n € N we have A" E(X,)=A4E(X,)=X,,
and if K be a closed right ideal of E(X,) such that AK = AE(X,) we have K #{0}. Let
m=min{n|&" € K} then £&”" E(X,) is a proper subset of K and a closed right ideal of E(X,),
moreover AE™" B(X,)=AE(X,).

1. Use (1).

1
Example 5. Let X = {— |ne N} w {0} (with the induced topology of R), for each n € N, define
the following maps:

1
x x#l,—
0 x#— X X#— 12
xp, = n x§ = o oxy=4q1 x=—
' X x—l ' 0 x—l 2
n n 1 x=1
2

Let S5 be the semigroup generated by {3, [n € N} U{y,id, } (S; with the discrete topology),
then in the transformation semigroup (X,S;) we have:

L. E(X)={py'|(34c X, (p|A:idA/\p|X5—A:0/\0p =0)),i=12}.

2. 0 is the unique almost periodic point of the transformation semigroup (Xs,S;) and {0} is the
unique minimal right ideal of E(X}) .

(o x=0
3 M) =P, W01} x=2 0 =12,
{{p,.0}} le,n23
n
4 ﬁ({lé}) = MIYUMG) = {1p,.p,v:0} [ 1 =12}
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5. VA< X, (0<card(4) <N, = M(4) = {{pn\yi | L Aji = 1,2} v {0}}).
n

Proof. Let ne N, for k >n define n, =9,---9,_ |9
pn EE(XS)

1. Use the fact that for each p: X, — X, there exists a finite subset 4 of X such that

n-1n+1 "’

-9, , then we have p, zlkimnk, thus
>n

Ply,_4=1dy _, and p|,=0 if and only if there exists k,....,k, € N such that p=39, ---§, .
Moreover y’ =idy . For n23 we have y9, =8,y and for n,m € N we have 8,3, =9,9

m= n?

Sy =yY, and S,y = y9,.

2. {0} =0E(X;) thus O is almost periodic, for each » € N we have 0—19 €— E(X ), but
l ¢ {0} = 0E(X,) thus 1 is not quite periodic. Moreover for each right 1dea1 1 of E(X;) we
have 0E(X)=1{0}=10 g IE(X )< I, thus {0} is the unique minimal right ideal of E(X).

3. Using (2) we have M(0) = {{0} } . For each n € N we have , E(x,)=p, \VE(XS) ={p,.p, .0}, thus

{p,,p,w,0} is a closed right ideal of E(X,), moreover %E(XS) {’11 l\l/ 0} f{pn,pn\V,O}. On

the other hand, {0} is the only proper subset of {p,,p,w,0} such thatitisa rlght ideal of E(X}),

but —{0} {0} ;t{l l\p 0} {0}4{p,.p,v,0} thus {p, ,p,v,0} eM(l) Conversely, if
n

1
K e M( ) then ,E( X)=— Iy thus there exists peK such that —p=—, therefore
1 n n n n

—ppn— p,. It is easy to verify that pp,6=p,. But pp,eK thus p, ek, so
n n

{p,,,p v,0 =p,E(X;)c K. As {p,,p,V,0}, KGM( ) we get K={p,,p,v,0} and
M( )={{p,,p,V,0}} . Nowif n >3, then p, =p,y so M( )= {{pn,O}}

4. By the argument in (3) we have M(1) = {{p,,p,v,0}} and M(— ) {{p,,p,¥,0}}, moreover
{1,5}{p2,p2w,0} - {O%,l} - {1%} B(X,) = {1,5}{p1,p1w,0} which ShOWS M) UME) < M1 3 On
the other hand, if K e M({l,;}) , then {1;} K = {1;} E(X,)= {(),;,1} thus there exists p € K such
that 1p =1 or %pzl thus 1pp, =1p, =1 or Ep\yp2 =1lyp, :E =5p2, therefore pp, =p, or
pyp, =pP,, since pe K we have p, e K or p, €K, thus {p,,p,y,0} =p, E(X;)c K or
{p,,p,v.0} =p, E(X;) c K . Since {p,,p,y,0} € ﬁ({l,%}) and {p,,p,y,0} ﬁ({l,%}), we have
K ={p,.p,y.0} or K = {p,.p,u.0} . Therefore M({L;}) = P10k PP 101 = MU UMC).

5. Let A be a nonempty finite subset of X. Then for each m € N with - € A we have (by (3))
;E(X5>=;{pm,pmw,0};;<{pnwf ieA,i:lﬂ}u{O})glE(Xs)’ thus for cach a €4 we
have gE(X)) :a({pn\v" \%e A,i=l,2}U{0})' Since A4 is finite, {p"\pi |%e A,i= 1,2}u{0} is

finite and closed, hence
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({pnw" e di= 1,2} U{ODE(Y,) = U{{pn,pnw,O} E(X,)|-e A}
< U{{pn,pnw,O} | % € A}
= {pnw” | 1 Ayi= 1,2} w {0}
n

thus 4p, ¥’ | —e A4,i=12,0U{0} is a closed right ideal of E(X;).Let K be a closed right ideal
of E(X5) such that aK = aE(X) for each a € A4, thus there exists L € M(A) such that L € K .
By (3) we have {pn\v | —e A,i= 1,2} w{0} < K , therefore

n

{pnw" | e siz 1,2} U {0} = K € M(4) and
n

M(4) = Hpn\w | % € Ad,i= 1,2} U {0}} .

1
Example 6. Let X, = {— |ne N} W {0} (with the induced topology of R)), define t: X, - X, by
n

11

X X#—,—

3°4
1 1
XT=<4— x=—
3 4
1 1
J— X =—
4 3

With the same assumptions as in Example 5 let S, be the semigroup generated by
{8, [neNpU{yt,id, } (Sg with the discrete topology), and let S o be the semigoup generated by
{8, [neNyUly,t,id, } (S ¢ with the discrete topology), then in the transformation semigroups
(X,,S¢) and (X, S;) we have

I E(X,.S,) S E(X,,5)) = {pt' | p e B(X,,S)i =12}
2. In the transformation semigroup (X,S,) we have
1. 0 is the unique, almost periodic point of the transformation semigroup (X,,S), and
{0} is the unique minimal right ideal of E(X),
{{0}} x=0
1
PP, w03 x=—,n=12
ii. M(x) = 1 ;
O b n 0 x=1n=34
1
{{pn’o}} X=— nZS
n
iii. if A is a nonempty finite subset of X, then
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iv. M(4) = {{pn\uit‘j | % €di,je {1,2}} v {0}} ,
v. Ve {13} ﬁ({l,L}) “ M) UM,
n o+l Wl
i vme{l2) Vne (34 ﬁ({%%}) = (PP, PP V-0
Vii. ﬁ({% <n< 4}) = (4P, P TPy Py WO [ m e {12}, m € (3,4)}

Proof. Use a similar method described in Example 5.

n m

1 1 1
Example 7. Let X, = {— +—|n,meN,m>n(n- 1)} U {— |ne N} {0} (with the induced
n
topology of R)), consider the following maps on X, :

_ l+ ! n,meN,m>n(n—l),x=l+l
¥3=4n m+l n o mo>
X otherwise
_ l n,meN,m>n(n—1),x:l+l
XV =1n n m
x otherwise

and let S, ={8" |n >0} (S, with the discrete topology), then in the transformation semigroup
(X,,S;) we have

L. E(X;) =S; Uiy}
1
{x} xe{—|neN}u{O}
o _ n
2 = 1 11
—+—|keNk>2myui—r nmeNm>nn-1),x=—+—
n k n n m

1
3. {— |ne N} U {0} is the set of almost all periodic points of (X,,S,) and {y} is the unique
n

minimal right ideal of E(X).
4.1f A is a nonempty subset of X, , then:

o acfinenjon

i M(4) = ’i’ B

E(X,) Az {— |ne N}u {0} ((X,,S,)is 4™ distal)
n

n. (Ag{%meN}u{0}>®(ﬁ<A>={{w}}>,
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1
ii. A r\({— |ne N} U {0}) =9 ifand only if (X,,S,) is 4 —distal.
n

Proof.
1. Since 11m8 =y, S, U{y} < E(X,). On the other hand, let p € E(X,) and {3™} _ bea
net such that lim 9 "¢ = p - Wehave

ael

ael’

. Vxe{—|neN}u{0} xp—hmxS“—hmx X,

. for all m,n € N such that m > n(n—1) we have

Vo el (l+l)8"“e{l+l|keN,k2m})
n o m n k

= NMael (l+i)8”°‘e{l+l|keN,k2m}u{l})
n o m n k n

:>1im(l+l)8”“ e{l+l|keN,k2m}u{l}
m n k n

acl’ p

:>(l—i-i)pe{l+l|keN,k2m}u{l}.
n o m n k n

Whenever p#vy  there exist m,nkeN such that k>2m>n(n—-1) and
1 1 1

lim(—+ —)8"“ = —+—, further,

acl 'n m no k’

1 1
lim(—+—)9" —
(xeF(n ) n k

= @3pel’ Vael ((xZB:(l+i)9”a:l+l))
n o m n k
=@pel Vael (aZB:na:nB))
= @@Bel Snﬁzlinrlf}”“:p)
=>pes,

thus E(X,) < S, U{y}.

4. i Let 4 be a nonempty subset of X, such that 4 & {— | ne N}u {0} and K € M(A) Let
xeAdAd-—(K— | ne N uU{0}), thus xK =xE(X,), therefore J(F(x,K))# . Using
JEE(X))) = {ldX7 W}, wehave id, €K and K = E(X}). Therefore M(A) ={E(X,)}.
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1 1 1
Example 8. Let X, =<—+—|n,meN,m>n(n- 1)} ) {— |ne N} w{0} (with the induced

n o om n
topology of R) and let S be the group of all homeomorphisms on X (S; with the discrete

topology), then in the transformation semigroup (X,S;) we have
1. 0 is the unique almost periodic point of the transformation semigroup (X,S;), {0} is the
unique minimal right ideal of E(X) and M(0) = {{0} }.

2. VneN (n22:>lSS:{i|meN,m22}u{O}).
n m

3. VxeXf%FﬂmeNm22}JwD xS, = X,.
n

4.1f A is a nonempty subset of X, then (Xg,S;) is not 4 — distal.

Proof. For each m,n € N define

1 1
J— X =—
n m
1 1
- X =—
m n
m,, =11, ! keNk>nm—DJ=l+lf
m k—nn-1)+m@m-1) n k
l+ ! keN,k>m(m—l),x=l+l
n k-m(m-1)+nn-1) m k
X otherwise
0 le
n

xm, =10 keNk>nM—DJ=%+%,

x otherwise

Ny €Sg; and for each neN, llmnmn =m,. Now use a similar method described for the

me

previous examples.

Since the following examples will not be used to complete the tables, we have omitted their

proofs.

1
Example 9. Let X, = (U{Z_ 2—})&) {0} (with the induced topology of R), let S, be the
neN

group of all homeomorphisms on X, (S, with the discrete topology), for each m,n € N define
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1 1 1 1
JR—— X = X =
2m 2n—1 2m—1 2n—1
1 1 1 1 1 1
XDy =1 ——— —<x< T Xq,,, =i —<x< >
’ 2m—-1 2n 2n-1 ’ 2m 2n 2n—1
0 otherwise 0 otherwise

then in the transformation semigroup (X,,S,) we have

1. 0 is the unique almost periodic point of the transformation semigroup (X,,S,), {0} is the
unique minimal right ideal of E(X,) and M(0) = {{0}}.

2. Foreach n € N we have:

i. lS(,={l|meN}/\lS9={i|meN}u{0},
n m n m
il. Don E(X9):qnm E(X9):{p,,,m |meN}u{qn’m |meN}u{0},

111 pn,n E(X9 )pn,n = {pn,n > qn,n ’0} >

) 1 1
iv. Pun E(Xy) e M(——) " M(—), I(p,, E(Xy)) =10,q,.,},
2n 2n—1

1 1
v. F(—.p,,E(Xy)=F(——.p,, E(Xy) =1q,.},
2n 2n—1

vi. S(p,.. B(X,)) =B(p,, E(Xo)) =U(p,, E(Xo)) ={P, 000} -

3. LetA:{l|neN , K={p,, |nnmeN}yU{q,, |n,meN}U{0}, and for each i, jeN
n
define 6, =0 if i # j and 6, =1, thus we have
i‘ vmﬂn’k € N pn,mpk,r = 6mkpn,r 4
ii. K e M(4), S(K)=B(K)=1(K)=F(4,K)=F4,K)=D.

Example 10. Let n € N :

1 1
X ={(x,y) eR’ ||y| = 1—4(x—m)2,m—53x§m+5,m € {—n,—n+1,...,n—1,n}}

(with the induced topology of R?) and let S, be the group of all homeomorphisms like
1 1 1 1
f:X,, > X,, such that (—n—E,O),(rH-E,O)}f: (—n—E,O),(n—i—E,O)} (S,, with the

discrete topology), then in the transformation semigroup (X ,,S,,) we have

1. Vme{-n—n+l,..,nn+1} (m-— %,O)S10 = {(m —%,0),(% - m,O)} )

1
2. {(m—5,0)|me{—n,—n+1,...,n,n+1}} is the set of all almost periodic points in the

transformation semigroup (X,,,S,,)-
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3. (X,y,S,,) has 2n+2 almost periodic point and n+1 minimal subset, moreover each of its
minimal subsets has 2 elements. 1 1
4.Foreach m e {-n,—n+1,...,n} and (x,y) € X,, if m 3 <x<m +5, then

—_— 1 1 1 1
DS, =1(u,v)e X ——<Su<m+=)v(m-——<u<-m+=)t.
(%75, {(uv)e ol =2 Susmes)v(m—2<usm 2)}

1. Let {(x,,7,)} yme, and {(x ,v! )}  _ . be finite sequences in X,,, such that for each

—n<m<n we have m—ESxm <Sm+—, m——<x/, <m+—, y,20,and y/ <0, choose

10

1 1
peX,, " suchthatforeach —n<m<n, {(x,,y,),(x,,y' )V pci(m —E,O),(m +5,0)} and

(m—%,O) (m—%ﬁx<xm/\yZO)v(m—%Sx<x;n/\ySO)vx=m—%

(x,y)p= 1 1 1
(m+=,0) (x,<x<m+=—Ay20)v(x, <x<m+=Ay<0)vx=m+—

2 2 2 2
then p € E(X,,), {—p, p} is a minimal right ideal of E(X,) . In addition, each minimal right ideal
of E(X,,) has a similar structure, so card(Min(E(X,))) = ¢(= card(R)) .

2. For each nonempty subset 4 of X ,, (X,,,S,,) is not A4 — distal.
3. (X,y,S,) is not point transitive.

Example 11. Let n € N :

X, ={xy) eR*|y=2((x-m)=(x—=m)*),m<x<m+1,me{-n-n+1l..n-1}}

(with the induced topology of R?) and let S,, be the group of all homeomorphisms like
f:X,, = X, such that {(-—n,0),(n,0)}f ={(-n,0),(n,0)} (S,, with the discrete topology), then
in the transformation semigroup (X,,,S,,) we have

1. Vm e {-n,—n+1,..,n} (m,0)S,, =(m,0)S,, ={(m,0),(-m,0)}.

2. {(m0)|me{-n—n+1,.,n}} is the set of nearly all periodic points in the transformation
semigroup (X,,S,)

3. (X,,,S,,) has 2n +1 almost periodic point and 7 + 1 minimal subset (# minimal subset with two
elements and a singleton minimal subset).

4.For each m € {—n,—n+1,..,n—1} and (x,y) € X, if m <x <m+1, then

)8, ={uvye X, |msus<m+l)v(-m—-1<u<-m)}.

5. Let {(x,,,Y,,)} yemeny and {(x ,y! )} _ _ | be finite sequences in X, such that for each
—n<m<n-1 we have m<x, <m+1, m<x, <m+1, y, >0, and y, <0. Choose
pe X, suchthatforeach —n<m<n-1, {(x,,y,),(x.,y')}p < {(m,0),(m+1,0)} and

(m,0) m<x<x, Ay20)v(m<x<x, Ay<0)vx=m

(x,»)p= {

(m+1,0) (x, <x<m+1lAy20)v(x, <x<m+1lAay<0)vx=m+1
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then p € E(X,,), {—p, p} is a minimal right ideal of E(X,). In addition, each minimal right ideal
of E(X|,) has a similar structure (therefore has two elements), so card(Min(E(X,))) = ¢(= card(R)) .
1. For each nonempty subset 4 of X,,, (X,,,S,,) isnot 4 —distal.

2. (X,,,S8,,) is not point transitive.

X, 0 ([0,n]x[-1L1]) . .
Example 12. In Example 11, let X, = 0.0).(n.0)] (with the quotient topology), for each
b b n’
(x,y)e X,, n([0,n]x[-L1]) the image of (x,y) under the quotient map is denoted by [x,y]_,

and let §,, be the group of all homeomorphisms like f:X,, = X,, (S, with the discrete

topology), then in the transformation semigroup (X,,,S,,) we have
1. Vmell,..,n=1} [m,0].S,, =[m,0].S,, ={[k,0], |k e{l,..,n}}.

2. Vix,y], € X, ={[k.,0], |k e{l,....n}}

([xay]nSIZ ZXlZ _{[kao]n |k € {1:'-'an}}/\[x7y]nsl2 =X12)-

3. {[k,0] |k e{l,..,n}} is the set of all almost periodic points, the unique minimal subset and the
unique proper closed invariant subset of (X ,,S,,).

Completion 13. We have the following table (see [3], Conclusion 16, Table 1), where T1 is the
affiliation: The mark “V” indicates that if (X,S) is a transformation semigroup, a € X
and K € M(a), thenI" — Q. The mark “+” indicates that a transformation semigroup (X, S) exists,
aceX andK € M(a), such thatl' Q. The mark “-—” indicates that a transformation
semigroup (X, S), exists, a € X and K € M(a), such thatI" & Q. The mark “+” indicates “+” and

[T L]

Table 1. In the corresponding case T1 is valid

Ist. 3rd. 5th.
column column column
J \ J
& F(a,K) | B(K) S(K) 1K) K
I
F(a,K) N N N N N
BK) = v v v v
S(K) + + N + N
I(K) + + + v v
K + + + + v

Proof. In Example 2 let (X,S)=(X,,S,), a=b and K ={b}, then K e€M(a), and

F(a,K)=B(K)=S(K)=I(K) =K, which follows “+” in all cells in Table 1. Now in order to

obtain “—” items we have

e st column: In Example 1 let (X,S)=(X,,S,), a=1 and K ={-p,,1,}, then K € M(a)
and B(K) = S(K) = I(K) = K = {~4t,,11,} & {11, } = F(@,K).

e 2nd, 3rd. and 4th. columns: In Example 2 let (X,S)=(X,,S,), aeX,—-{b} and
K =E(X,), then K € M(a) and:

Iranian Journal of Science & Technology, Trans. A, Volume 28, Number A2 Summer 2004



Counterexamples in... 251

i K=EX,)=S,u{blz S, =1(K),
. K =E(X,)=S, Ui}« {id, } =S(K) = B(K),
. I(K)=S, & {id, } =S(K)=B(K).

Completion 14. We have the following table (see [2], Corollary 5, Table 2), where T2 is the
affiliation: The mark “\ﬁ indicates that if (X,S) is a transformation semigroup, 4 is a nonempty
subset of X', and K € M(4), then I' < Q. The mark “+” indicates that a transformation semi group
(X,S) exists, a nonempty subset A of X and K € M(4), such that I' € Q. The mark “-”
indicates that a transformation semigroup (X,S) exists, a nonempty subset 4 of X and
K € M(A), such that I" & ). The mark “+” indicates “+” and “~"".

Table 2. In the corresponding case T2 is valid

Ist. 3rd. Sth. 7th.

column column column column

5 1 1 1
F\Q F(A4,K) | F(4,K) " B(K) | F(4,K) "S(K) | F(4,K) |B(E) |S(K) | I(K)
F(4.K) v N N N S K
F(A,K) NB(K) | N N N N N N
?(A,K) N S(K) + + J V + \/ +
F(4,K) + + + N + + +
B(K) + + + + N N N
S(K) + + + + - v +
I(K) + + + + + + N

Proof. Note that in the transformation semigroup (X,S) for a € X, we have M(a) = M({a}) . So
using the above note and Table 1 (Completion 13) we are able to obtain “+” items and complete the

7th., 6th. and S5th. columns in Table 2. In order to complete the remainder in Example 1, let
(X,8)=(X,,S,), A={-11} and K ={—p,,1,}, then K € M(A4)(= M(4)) and

F(4,K)NS(K) =F(4,K)NB(K)=F(4,K)
=B(K)=S(K) = I(K) =K = {~p,,p,}
@ {u,} = F(4,K).

Completion 15. We have the following table (see [2], Corollary 5, Table 2), where T3 is the
affiliation: The mark “\L indicates that if (X,.S) is a transformation semigroup, 4 is a nonempty
subset of X, and K € M(4), then I' = Q. The mark “+” indicates that a transformation semigroup
(X,S) exists, a nonempty subset A of X and K € M(A), such that I' € Q. The mark “-”
indicates that a transformation semigroup (X,S) exists, a nonempty subset 4 of X and
K € M(A), such that I' & Q. The mark “+” indicates “+” and “-".
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Table 3. In the corresponding case T3 is valid

1st. 3rd. 5th.

column column column

J J J
TG [FAK) R [BO T [S® 1K)
F(4,K) | v v N v
?(A,K) + N N N N
B(X) + + \ \ \
S(K) + + + v +
I(K) + + + + v

Proof. Use the argument in Completion 14 (Table 2) to conclude.

Table 4. In the corresponding case T4 is valid

Completion 16. We have the following table (see [2], Corollary 5, Table 3), where T4 is the
affiliation: The mark “ indicates that if (X,S§) is a transformation semigroup, A4 is a nonempty
subset of X', I € M(A4), J € M(A4) (existence of such a J is not necessary) and K is a right ideal
of E(X), then J(I') < J(€2) . The mark “+” indicates that a transformation semigroup (X, S) exists,
a nonempty subset 4 of X, [ € M(A4) (if it is mentioned in that item), J € M(A4) (if it is
mentioned in that item) and a right ideal K of E(X) (if it is mentioned in that item) such that
J(T') € J(Q2) . The mark “~” indicates that a transformation semigroup (X,S) exists, a nonempty
subset A of X, I € M(A) (if it is mentioned in that item), J € M(A) (if it is mentioned in that
item) and a right ideal K of E(X) (if it is mentioned in that item) such that J(I') & J(€2) . The mark
“+” indicates “+” and “-"".

F(4,C) ~B(C), | F(4,C), | B(O),

I RLO NSO | Fa0) | SO),
F(4,C) " B(C), I(C)
¢ r F(4,C) A S(C)

F(4,C) ~B(C),

FA.O)NSEO), | k1 |V J J

F(4,C) nB(C),

F(4,C) N S(C)

F(4,0), e J v

?(A, ) 1,J N N N

B(C),

S K.I,J |+ s J

1(C)

Proof. In Example 1 let (X,S)=(X,,S,) and K = {(—l)knx |xe X,,k=12}(e M(0)), then

JECG-LIL,K) =in, [xe X\ j & n, [xe X, —{=LI}} = JE({-LI}, K) " B(K)) = J(B(K))
and J(B(K)) = {n, | x € X, —{~LI}} & {n,} = J(F(0,K) N B(K)) = J(F(0,K)).
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Completion 17. We have the following table (see [2], Theorem 17, Table 5), where T5 is the
affiliation: The mark “\” indicates that if (X,S) is a transformation semigroup, 4 and B be
nonempty subsets of X such that B is A<almost periodic, then B is AL almost periodic. The
mark “(\)” indicates that if (X,S) is a transformation semigroup, 4 and B are nonempty subsets

of X such that A4 is A™™almost periodic, B is B™M almost periodic, B is A% almost

periodic, then B is A% almost periodic. The mark “+” indicates that a transformation semigroup

(X,S) exists, nonempty subsets 4 and Bof X, such that 4 is AW
B(M,M)

almost periodic, B is

almost periodic, B is A<almost periodic and B is A2 almost periodic. The mark “-”
indicates that there exists a transformation semigroup (X,S), nonempty subsets 4and Bof X,
such that 4 is 4™ almost periodic, B is B OLM) o1 most periodic, B is A% almost periodic and
B is not A2almost periodic. The mark “(-)” indicates that a transformation (X,S) exists,
nonempty subsets 4 and Bof X, such that B is A<almost periodic and B is not A% almost

periodic. The mark “+”indicates “+” and “—”. The mark “(%)” indicates “+” and “(-)”.

Table 5. In the corresponding case T5 is valid

1st. 2nd. 3rd. 4th. 5th. 6th.
column column column column column column
J J J J \’ J
a& (2_), (: 1\1)’ (_’ 1\_@5 (M:_) (M: M) (M, M)
(M,-) (M, M) (M, M)
(_7_)7 \/ \/ + (\/) (\/) (i)
(M) *) ®)
(-, M), + v + + Q) +
— — +
(M, M) ©
M + () v + () ()
EM%)) + ® ®
(ﬁ 5 + + + v v +
(ﬁ M) + + + + v +
=~ + + + + ") N
Proof.

e st and 3rd. columns:

In Example 7 let (X,S)=(X,,S;) and xe X, —({l|neN}u{0}), then M(0) = {{y}},
M(x) = M({0, x}) = M({0, x}) = {E(X)} and: "

1. {0,x} is {0, x} M almost periodic,
2. {x} is {0, x} =M almost periodic,
3. {x} is {0, x} =™ almost periodic,
4. {x} is {0, x} 22 almost periodic,
5. {x} is {0,x} M almost periodic,
6. {x} is not {0, x}== almost periodic.
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1
Ii E)liample 5 let (X,8)=(X5,S5), then M) ={{p,,p,y,0}}, M(E) ={{p,.P,v.0}},
M( 5’1 ) = {{plapl\lja()}: {pZJPZWaO}}’ and:

1. {%,1} is {%,1} (MM) almost periodic,

2. {% ,1} is {% ,1} M) almost periodic,
| O S O VR
3. 5 Jp s 5 1 ) almost periodic,
4 5 b is 5 1 almost periodic,
1 ) | R P .
5. 5,1 is not 5 ,1 p—— almost periodic,
1 . 1 (M) .
6 5 1+ is not 5 ,1 p—— almost periodic.

— |1
2nd. column: In Example 5 let (X,S) = (X,,S5), then M( E,l ) ={{p;»P,, PV, P,W,0} }

(other items have been described in the proof of 1st. and 3rd. columns). Also we have

1
L. {—, } is {1}&almost periodic,
2. { ,1} {1}( M lmost periodic,
3. { ,1} {1}( M) almost periodic,

4, { It isnot {1} &Y M almost periodic.

e  4th. column:

In Example 4 let (X,S)=(X,,S,), then for each keN we have
M(%) :M({l Ine N}) = {B(X,)}, M( 1ine N}) =@, and
n n

1 - .
1. {— |ne N} is {— | n e N -2 almost periodic,
n n
1 ) 1 (MM)
2. —|neNy;isnot {—|neN almost periodic,
n n
1 : 1 (M.5) .
3. —|n e N} isnot —|n e Ny-—=almost periodic.
n n

In Example 7 let (X,8)=(X,,S,) and xe X, —( l|nEN w{0}), then {x} is not

{0, x} ) almost periodic. Considering the proof of the 1st. column completes the proof.
e 5th. and 6th. columns:
In Example 4 let (X,S) =(X,,S,), then (consider the proof of the 4th. column):
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S.

In Example 5 let (

(L is {%1}

—— Y —— —— ——

neN¢ is {1} 22 almost periodic,

ne
ne
ne

(M,M)

—|neN} is not {1}
n

Counterexamples in...

N} is {1} M almost periodic,

(M. M)

almost periodic,

1) ~=
2. {1} isnot {5 ,I}M almost periodic.

Nt is {1} 5™ almost periodic,

N} is not {1} ML) I most periodic,

almost periodic.

X,S) =(X,,S5), then (consider the proof of the 1st. column):

255

Completion 18. We have the following table (see [2], Theorem 20, Table 6), where T6 is the
affiliation: The mark “V” indicates that if (X,S) is a transformation semigroup and A4 is a nonempty
subset of X such that (X,S) is 4<distal, then (X,S) is A% distal. The mark “+” indicates that
there exists a transformation semigroup (X, S) and a nonempty subset A of X , such that (X,.5) is
A< distal and A2 distal. The mark “~” indicates that there exists a transformation semigroup (X, S)
and a nonempty subset A4 of X, such that (X,S) is A< distal but it is not 42 distal. The mark “+”
indicates “+” and “-"".

Proof.

Table 6. In the corresponding case

p ) (M) (M)
o
) V \/ +
(@) + +
M) : )

In Example 4 let (X,S)=(X,,S,), then (consider the proof of the 4th. column in Table 5

(Completion 17)):

1.

(X,,S,) is {l|n EN}(—_)distal,
n
. 1 M) 5.
(X,,S,) is y—| n e N-—distal,
n

(X,,S,) isnot {l |ne N}%distal.
n

e In Example 7 let (X,S)=(X,,S,), then (consider the proof of the lst. column in Table 5
(Completion 17)):
(X,,S,) isnot {0, x} 2 distal,

Summer 2004
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2. (X,,S.) is {0,x} ™ distal,
3. (X,,S,) is {0,x} ™ distal.

Acknowledgements- The authors are grateful to the Research Division of the University of Tehran for
the grant which supported this research.

REFERENCES

1. Ellis, R. (1969). Lectures on Topological Dynamics, New York, W. A. Benjamin.

2. Sabbaghan, M., Ayatollah Zadeh Shirazi, F. (2001). @ —minimal sets and related topics in transformation
semigroups (1), International Journal of Mathematics and Mathematical Sciences, vol. 2, 10, 637-654.

3. Sabbaghan, M., Ayatollah Zadeh Shirazi, F., Wu, T. S. (1997). a — minimal sets, Journal of Science of The
University of Tehran, 2, 1-12.

Iranian Journal of Science & Technology, Trans. A, Volume 28, Number A2 Summer 2004



