Iranian Journal of Science & Technology, Transaction A, Vol. 29, No. A3
Printed in The Islamic Republic of Iran, 2005
© Shiraz University

THE STRUCTURE OF (04 @ -DERIVATIONS OF TRIANGULAR RINGS"

M. N. GHOSSEIRI"™

Department of Mathematics, Kurdistan University
P. O. Box 416, Sanandaj, I. R. of Iran
Email: mnghosseiri@yahoo.com

Abstract — Let R and S be reduced rings with identities whose idempotents are central, and let M be an

(R, S)-bimodule such that ann, (M)=0. In this paper, we determine first the structure of automorphisms of

the triangular ring 7 = {R M} , and then for all automorphisms a ,f8 of T we determine the structure
0o S

of (o,p)-derivations of 7.
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1. INTRODUCTION

Recently many authors have considered (a,f)- derivations and generalized (o.,[)-derivations of
rings. We refer the interested readers to [1] and [2] and the references therein.

Motivated by [3], we describe the (a,[3)-derivations of the triangular matrix ring T:[R M},
0

S
whose components satisfy certain conditions.

Let R and S be reduced rings with identities whose idempotents are central, M be an (R,S) -

bimodule such that ann, (M)=0, and T be the triangular ring

R M r m
T = = :reRmeM,seS.

I denotes the identity matrix and E; ; denotes the usual unitary matrix. The zero matrix and the
identically zero functions are denoted by 0, and we assume that the ring automorphisms conserve
identities. If f and / are automorphisms of R and S respectively, by an (f, #)-automorphism of M we
mean an additive bijective mapping g on M such that forall r e R,m e M,s € S, g(rms) = f(r)g(m)h(s) -

Clearly, if fand g are the identity automorphisms, then g is an (R, S) -bimodule automorphism.
It is easy to see that if f and 4 are automorphisms of R and S, respectively, and g is an (f, h)-
automorphism of M, then the mapping
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DT >T, {r m} = [f(r) g(m)}
0 s 0 h(s)

is an automorphism of 7. @ is called the automorphism induced by f, g, and h. If A is an invertible
matrix in 7, then the inner automorphism induced by A is denoted by Inn, If «,f are
automorphisms of 7, then by an (e, ) — derivation of T, we mean an additive mapping d on T such
that for each x,yeT,d(xy)=a(x)d(y)+d(x)F(y). If o is the identity mapping, d is a
p —derivation and if «, [ are both identities, d is a derivation of T. For each C € T, the mapping
I.:T —T givenby I.(P)=CP— PC is easily seen to be a derivation of T. I is called the inner
derivation induced by C. We determine first the structure of automorphisms of 7, and then the
structure of (e, f) -derivations of 7. This result has attracted the attention of mathematicians in the
fields of ring theory and functional analysis.

2. THE STRUCTURE OF AUTOMORPHISMS OF T

Theorem 2. 1. Let the ring T be as above and let a be an automorphism of T. Then there exist
automorphisms f and h of R and S, respectively, an (f, h)-automorphism g of M, an invertible matrix
A €T, and an automorphism ® of T induced by f, g, and h such that foreach P T,

a(P) = Inn, o ®(P).

k
Proof: Let me M,a(E,,) = a (m) g(m)
0 0 1(m)

some elements of R, M, and S, respectively, and k: M —> R,g: M — M ,and t : M — S are some

, and a(mElz)z{ } ,where a,m , and b are

functions determined by a. We have

l-a —-m,
a(Ezz):]_a(En):{ 0 1_})}

[g ”;1}:a(EH):a(Elzl):a(E”)a(E”):[a(; amll;mlb}_ (1
Also,
|:k(m) g(m)} =a(mE,,)) =a(E,,mE,) =a(E,)a(mE,,)
0 1(m)
la m, k(m) g(m)
1o b 0 t(m)
_ ak(m) ag(m)+mt(m) | (2
0 bi(m) |

{k(m) g(m)

0 t(m)} =a(mE,,)=a(mE,E,,) =a(mE,,))a(E,)

Iranian Journal of Science & Technology, Trans. A, Volume 29, Number A3 Autumn 2005



The structure of (04 ﬁ)—derivations of triangular rings 509
_[km) gy ] [1-a -m,
1o ml|| 0o 1-b

_ [k(M) —k(m)a  —k(m)m, +g(m) - g(m)b}

0 t(m)—t(m)b @)

From (1), (2), and (3) it follows that
a*=a , b>=b, k(m)=ak(m) , t(m)=bt(m),
k(m)a=0, t(m)b=0.

Since the idempotents of R and S are central, then these relations imply that k=¢=0. So

a(mE,,) = g(m)E,,. room
Next, assume that & (; 2= E,, forsome r; € R,m, € M ,and s, € S. Then we have
Sy
r,oom noom
a 1 2 - Ell 1 2
0 O 0 s

Hence,

g™ R | Y 4
=210 s |70 o =(-a)E,,. “)

Now, let € M be arbitrary. Then
0=gME,(1-a)E, =a(lE,s E,,) =alts,\E,,).

So, ts; =0 forall £ € M. Thus by assumption, s, =0, and, by (4), a =1.
Next, we prove that g is onto. Let m € M and assume that

“[[s e

Then
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Since o is one-to-one, we have x*> =0, z* =0, and since R and S are reduced, x =0 and z = 0.
Thus, g(m")E,, = a(m'E,,) = mE, , proving that g is onto.
Now, we show that b =0. Let m € M. Since a =1,

gm)E, =a(mE,) =a(mE,E)) =a(mE,)a(E,)

mE,| "= gm-b)E
=g(m =g(m)(1- .
g 210 1-p g 12
Therefore, g(m)b=0 for all m e M.Since g is onto and ann, (M)=0, it follows that »=0.
Consequently, for each m € M we have

aE=| - " aEn =) T amEL) = gmE,. )
0 O 0 1

1

X, X
Let x € R and set a(xE|)) = { 0 2} . Applying a to xE|, = xE,, E|, and using (5) we find

X 3xlmlj| _ |:f(x) f(x)ml:|

6
0 0 0 0 (©)

a(xE,)) :{

for some function f : R — R. Similarly, applying o to xE,, = E,,xE,,, where x € S, we observe
that there exists a function / on S such that

0 —mh(x)

a(xE,,) = 0 h(x) . (7

Since a is additive, then so are £, g, and A. m

Therefore, by (5), (6), and (7), for each L) } €T we have
s
H mD ~ {f(r) Sy, —myh(s) + g(mq
a = . ®)
0 s 0 h(s)

m
} € T such that
S

x om'| rom|| | f(r) fr)m—mh(s)+g(m)
o v “lo s|7| o h(s) :

proving that fand g are onto. Relation (8) and the fact that o is one-to-one imply that £, g, & are one-

r
Let x€ R, y€ S,and m' € M. Since o is onto, there exists [

to-one.
Our next step is to show that f'and 4 are homorphisms and g is an (f, g)-automorphism. Since a is
additive, so are f, g, h. Let x,y € R. Then

a(xyE, )a(xE, yE, ) = {fgx) f():))ml} [ff)y) f()(/))ml}
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_| SO SRS m
- . 0 :

So, f(xy)=f(x)f(y). Similarly, for each x,yeS, h(xy)=h(x)h(y). Now, let
reR,meM ,and s € S. Then

g(rms)E,, = a(rmsk,,)) = a(rE\\mE,,sE,,) = a(rk, )a(mE, )a(sE,,)

_ S f(r)m, 0 mh(s)
—{ 0 0 :| g(m)E,, |:0 h(s) j|

= f(Ngmh(s)Ey,,

Hence g(rms) = f(r)g(m)h(s).

rom
Finally, for each 0 €T we have
s

(e m])_[£@) £@ym =mbs)+ gm
0 s 0 h(s)

|1 —m | [f(r) gm)|[1 m,
o 1 [ o s lo o1

qr m} L qr mD
=AD A" =Inn oY ,
o s 0 =
I —m, .
where 4 = |:0 { and @ :T — T is given by
CD[[ mD _ {f(r) g(mq |
0 s 0 h(s)

Using the properties of f; g, and A one can easily verify that @ is an automorphism of 7 induced
by the automorphisms f; g, and /. This completes the proof.

3. THE STRUCTURE OF (04 ﬂ)-DERIVATIONS OF THE RING T

Let the ring 7 be as above and consider the automorphisms
a=Inn,o®, fB=Inngyo¥

m 1 m
! , B= lz} are some (invertible) matrices in 7, @ is an automorphism

1 0
of T induced by automorphisms f, g, & of R, M, S, respectively, and ¥ is an automorphism of T

1
of T, where A = 0

induced by automorphisms f”,g’,/’, of R, M, S, respectively.
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Theorem 3. 1. Assume that the automorphisms ¢, § of the ring T are as above. If d is an (a, f) -

derivation of 7, then there exists a (®, V) -derivation ¢ of T and a matrix C in T such that for each
PeT,

d(P)=¢(P)+ AP(P) - ¢(P)B + C¥(P) - D(P)C.
In particular, if d is an (c, @) -derivation of T, then
d(P)=@(P)+1,0¢(P)+ 1.0 D(P).
Proof: Recall that for every x, y € T,
d(xy) = a(x)d(y) +d(x) (). ©)

X, X
Assume that d(E|,) = { 01 ? } . Applying dto E,, = E/, and noting that d(I) =0, it follows that
X3

d(E,) =x,E, and d(E,,) =—d(E,) =—x,E,,. (10)

Let me M and set d(mE,,) = [Jg yz] Since mkE,, = E\\mE,, =mkE,E,,,using (9) and
(10) we infer that 3

d(mE\)) = y,E,, =t(m)E,,, an

for some function 7: M — M. .
Let x€ R and set d(xE,)) = L)l 2} . Since xE|, = E,\xE, =xE,E,,, using (9) and
previous calculations we arrive at %3

d(xE,) =

ng) - d(x)m, +f(x)x2} ’ (12)

0
for some function J : R — R. Since d is additive, then so is 0. Let x,y € R. Then the identity
xyE,, = xE,,yE,, and (9) imply that

8(xy) = f(x)6(y)+6(x) f'(¥).

Thatis, & isan (f, f)-derivation of R. Similar computations show that there exists an (%,4") -
derivation y of S such that for each x € S,

(13)

d(xEy,) = [8 mw(X)y(_x))Czh’(X)} '

Now we prove some properties of 7. Since d is additive, then so is 7. Let r € R, me M.
Then

t(rm)E,, =d(rmE,,) = d(rk,,mE,)
=a(rE,))d(mE,)+d(rE,) f(mE,,)

_ [f(r) - f@m,

0 0 :|T(m)E12
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+[5<r> =8 )m; + f(r)x,

0 0 } g'(mE,,

= (f(r)z(m)+5(r)g'(m)E,,.
Hence,
(rm) = f(r)z(m)+6(r)g'(m).
Similarly, for each m € M and s € S we find

(ms) = 7(m)h'(s) + g(m)y (s).
Define the function ¢: T — T by

roml| |6(r) t(m)
¢[{0 sD‘[o ﬂs)] o

rom r'om'
Let P= [0 } and P' = [O ,} be in 7. Using previous computations we have
S s

N rr'orm'+ms"|) | S6(rr")  w(rm'+ms")
HEP) =4 [{ 0 ss' D _{ 0 y(ss") }
_ {f(l’w(”') +O(r) (") S(r)e(m’) +6(r)g'(m') + z(m)h'(s") + g(m)ﬂf(s')}
0 h(s)y(s") +y(s)h'(s")
_| S glmy| | 5G) 2y [ S() z(m)) S0 gl (m)
0 AL 0 y(s) 0 7(s) 0 A
= O(P)p(P') + p(P)¥ (P).
Therefore, ¢ is a (®,V) -derivation of 7. Finally, define C = —x,E|, and let P = [r m} be in T.

s

Then by (11), (12), (13), and (14) we have

d(P) = [5@) —8(rymy + £ (r)x, + v(m) +m,y(s) —xzh'(s)}
0 y(s)
_ o(r) z(m) 0 —o(r)ym, + f(r)x, +m17(S)—x2h’(S)
Lo el o 0

:¢(P)+L1) n?} [éf)r) r(m)} ~ {5(}’) r(m)} [1 mz}
7(s) 0 ][0 1
N 0 —x, [ | /(") g'm)| |f(r) gm)||0 —x,
0 O 0 h'(s) 0 h(s) [ {0 O
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=@d(P)+ AJ(P)—¢(P)B+ CY(P)—-D(P)C.
In particular, if & = £, then A=B and ® = ¥. So,
d(P)=¢(P)+1,0¢(P)+ 1, o D(P).
Remark. The proof of the above theorem shows that when the ring T reduces to the ordinary

triangular ring, i.e, R =S =M , where R is a ring with identity, then the result is in accordance with
[3, Theorem, P. 263].

Acknowledgements- The author would like to thank Professor G. H. Esslamzadeh for his valuable
comments.

REFERENCES

1. Chang, Jui-Chi. (1997). A special identity of (0l,[3)- derivations and its consequences. Taiwanese Journal
of Mathematics, 1(1), 21-30.

2. Chang, Jui-Chi. (2003) On the identity 4(x)=af (x )+ g (x)b . Taiwanese Journal of Mathematics,
7(1), 103-113.

3. Coelho, S. P. & Milies, C. P. (1993). Derivations of Upper Triangular Matrix Rings. Linear Algebra Appl.,
187,263-267.

Iranian Journal of Science & Technology, Trans. A, Volume 29, Number A3 Autumn 2005



