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Abstract

In this paper, the deformation of a thick-walled circular cylindrical shell of incompressible isotropic elastic
material is considered. The shell, which is made of Three-Term strain energy function is subjected to the
combined external and axial loading pressure. In order to obtain the relevant eigenvalues, which is the main
objective of the work, the incremental equilibrium equations are solved with two numerical, i.e. Adams-Moulton
and Compound matrix methods. Finally the bifurcation behavior is investigated by plotting the radius changes

with respect to the changes of the length of the cylinder.
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1. Introduction

The elastic structures are affected by the heavy
pressure. While the stresses of an elastic object are
normal, the deformation can be analyzed as an
eigenvalue problem. Sierakowski et al. (1975), have
investigated  the axisymmetric modes of
deformation of a tube subjected to internal pressure
and axial compression for a Neohookean elastic
material. The prismatic, axisymmetric, asymmetric
bifurcations for axial tension and compression
combined with internal and external pressure has
been discussed by Haughton and Ogden (1979). A
more general description of a bifurcation behavior
of thick walled tubes subject to external pressure
combined with axial loading, including axial
compression and extension has been analyzed by
Zhu et al. (2008). They analyzed the asymmetric
bifurcation and solved the eigenvalue problem by
Adams-Moulton method for a specific elastic
material. Based on the analysis of Zhu et al. (2008)
and Haughton and Ogden (1979), the axisymmetric
bifurcation of a Three-Term elastic cylindrical shell
under axial loading and external pressure was
investigated in this work. In order to evaluate the
efficiency and advantages of the above mentioned
numerical methods, we have calculated and
compared the results of the two methods together.
Finally, by plotting the graph which shows the
changes of the radius with respect to the changes of
the length, the bifurcation points were highlighted.
Fortran 90 programming (Metcalf et al., 2011) and
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Mathematica software (Wolfram, 2008) were
employed for solving the relevant eigenvalue
problem.

2. The finitely-deformed circular cylindrical
configuration

It was hypothesized that the thick—walled
cylindrical shell is defined by Haughton and Orr
(1979) as

A<R<B 0<O0<2m 0<Z<IL, (1)

where R, © and Z are the cylindrical polar
coordinates, 4 and B are the inner and outer radii of
the shell respectively and L is the length, all in un-
deformed configuration. The cylindrical shell is
subjected to an axial loading and external pressure
so that the circular cylindrical shape is maintained,
and the shell is defined by

a<r<bh0<0<2m 0<z<l], 2)

where », Oand z are the cylindrical polar
coordinates, a and b are respectively the inner and
outer radii and / is the length of the tube, all in the
current configuration. The deformation is described
by the following equations

r2 =21 (R* —a?)+ A% 0 =0,z= 1,7, (3)

where A, is the axial extension ratio. Let
e;, e;and e; denote the unit basis vectors
corresponding to the  coordinates (6, z, 1)
respectively and let A, 4,, 43  be the



1JST (2014) 3843 (Special issue-Mathematics): 343-348

344

corresponding principal stretches. From the
incompressibility constraint we have

det(F):/11/12/13:1, (4)

where F is the deformation gradient. While from

3)
Ro= Ay M=p=0 4= (27 5)

where we have used (4) and introduced the
azimuthal stretch A. We regard A, as a given
constant and A as a function of r (or R) from (3). In
view of (5), the deformed inner and outer radii are
defined by a = 1,4 and b = 4, B, where 4, and A,
are constants that, for the present problem satisfy
Aq > 0and A, <1. For incompressible material, the
equilibrium equations reduce to the following
single equation

do33

dar

r

+ 033 — 011 =0, (6)

and also the principal Cauchy stretches are given by

aw o
ia—M—p,(L—I—1,2,3),

where p is the hydrostatic pressure that arises due
to the incompressible conditions and W=W(4,,
Ay, A3) is the strain-energy function which for
Three-Term materials is defined by Haughton and
Ogden (1979) as

oy =0;—p=4

r(AST 25T +A5T-3)

ar

W= 25:1 (7

In the above relation, a, and u,(r = 1,2,3) are
pairs of material constants and summation over a
finite number of terms is implied by the repetition
of the subscript r and we have

al = 1.3, az = 5, a3 = _ZI} 8
u; = 1.491, p; =0.003, p; =—0.023. ®)
It should be noted that, u; =% and pis the

ground state shear modulus. For the mentioned
deformation, the boundary conditions are

033lr=¢ = 0, 011ly=p = —P, ©)

where P denotes the external hydrostatic pressure.

3. Bifurcation criterion

Here we write down a brief description of the
equilibrium equation and the boundary condition in
view of the derivation of Haughton and Ogden
(1979). In the absence of the body forces the
incremental equilibrium equations can be written

div$ =0, (10)

where div is the divergence operator and § is the
increment of the nominal stress, both in the current
configuration. The incremental boundary conditions
with respect to a hydrostatic pressure loading are

$"n=Pn"n — Pn, (11)

where T, m and mn respectively denotes the
transpose, the unit normal in the current
configuration and the incremental deformation
gradient. We should note that, P is not equal to zero
for the problems with the external hydrostatic
pressure and is zero for the everted problems. The
incremental constitutive law is

$=Bn+pn-—7pl, (12)

where B is the fourth order tensor of instantaneous
moduli in the current configuration, and Iis the
identity tensor. The non-zero components of B for a
general isotropic material are given by Haughton
and Orr (1995)

— 2%i79;)
Bijij = Ai m, /L' * /1]-
- - ’w 13
Bijji = Bjiij = Byjij — oy, 1 #]

where A; and 4;(i,j = 1,2, 3) are introduced in the
previous section. By considering the incremental
displacement u = (u(@, z,1),v(0,z,1),w(0,z, r)),
the components of 7 = grad u are displayed by

LR
w,
7I=| 79 Wy era (14)
(ug-v)
|2 u, U

where subscripts here denote the partial derivatives.
The incremental form of the incompressibility
condition can then be written by

(u+vg)

trp =u, + +w, =0. (15)
By using relations (10)-(15) and in view of the
main governing equations of Haughton and Orr
(1995), the governing equations for the Three-Term
strain energy function are simplified as follows:

2
f"@) = [#{(_TB’MM + B3131 — B1111 + B2112)}

131

1
+ 55— {rB's5232 — B3zz2 + M*Bi212}
7°B3232

a’r?

- {(rB'3223 + 1P’ + B33 — Ba2a2)}f (1) +
73B3y3,

2
[o—{(=Bi133 — B3113 + Ba112)} +

TZBI3131
’ 2
{—7B'3232 + Bszzz + m*Bz1, +

2
7%B3232

a?r%(=B3p23)}1f ' (r) +{—7B'323, — 2B333,}

'@ +

TB3232
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[— {TB 3232 — Bspzz + M?Bip1y + a?r?(Byyz, — 2

7*Bs22 a = [T{(—Bu% — B3y13 + Ba112)}
B112)} + { —1B'3131 33131 —m?(By111 — T"D3131
Byi12) — a’r 32121}] 9+l — { TB'3232 + 25 {=7B'3335 + B3z3; + M*Biaqz +

3232
B3z32} + 7 {TB 3131 T 33131} "(r) + a?r?(Byz22 — B3223)}],
215"3131] k(T) (16) as = {{—TB’3232 233232} B },
3232
g"(r) ={0@B 3131 + B3131 + m*(Byi11 — 32112))‘" [ (B’ B
A, = T -
a 7”232121)} +{(-7B'3131 — B3131)} 2 B ;1 * 73 B335, 3232 3232
f) +m?Biy1, + aer(Bzzzz — By} +

{(rB’3131 + B3131 + B1111 — 32112)771}% +

i) m
B B -——k 1
{m(B3113 — 2112)}r3 o 7B ™), (17)
k'(r)= {—31(1%1 + Bspp3 — m?Byz13 —
T
a? 232323}_+{ TB'3333 + TP’ + B33zz- Bszas)
(T) + (B3333 — B3223)f"(r) + {(=B1111 + B3zz3 —
) '(r)
31313)m}gr_2 + {(Bs113 — Baza3)m}? rr . (18)
The corresponding boundary conditions on the
curved surface are then given by

rg () = g(r) =mf(r) = 0,

rzf”(r) + rf'(r) + (azrz +m? — l)f(r) =0,
(B,y, + 02)Tf (1) — Tk(r) = 0,
r=a,b (19)

aw . .
where o5 = o and m is the azimuthal mode

3
" (n=1, 2, 3,..) and n is the

number, a =
’ (A2L)

axial mode number.

4. Application of Compound matrix method to
the eigenvalue problem

In this section, the method of obtaining the
eigenvalues of equations (16)-(19) by using
Compound matrix method (Ng and Reid, 1985;
Haughton, 2008) is shown. In order to be able to do
so, the equations are written in the following form:

" =af +arf +asf”" +a,g+asg’ +agk, (20)
9" =Bif +Bof + B3f" + Bag + Bsg’ + Bek, (21)
k' =vyif +vof +vaf" +vag +vs9'+ vek, (22)

where the prime denotes differentiation with respect
to r and the coefficients a;, B; andy; (i =1, 2,
3,...) will depend on the parameter 1 (eigenvalue)
and we have

{(=7B'3131 + Bz131 —

- [ 33 3131

Bi111) + Bai2)} + {rB'323, —

73B3;3,

2,2
73B353;
D" + B3zz3 — Ba222)},

B33, + mM*Byp15} — {(rB'3523 +

- (4B —B _
3 { 3131 3131
7°B313;

m?(By111 — Ba121) — a*1?By121}]
as = [ {=7B'323; + B33} +

72B3;3,
———{rB'33; + B3131}]
72B3131 '
a? m?
ae = [7— i

+—
Bspz,  T%B'3131
By = {rB'3131 + B3131 + B1111 —

Byi1)m} ———
72B3131

1

B, = {m(B3113 — Ba112)} 55— B , B3 =0,
3131

By = {(rB'3131 + B3131 +m (31111 -

By112) + a2r232121)} oo
72B3131

Bs = {(-7B'3131 — B3131)}r

’
B3131

B = » V1 ={-Biin1 t+

7B3131 L
B3a32 — m231313 - a27'232323}r_2'
Y2 = {7”13’3333 +7rp + B33z —
33223};' Y3 = (Bszzs — B3223),

1
¥a = {(=Bi111 + B3z32 — Bi313)m} T_Z'

r

g
¥s = {(B3113 — 33223)"1}7, Ye = 0.

Also, the obtained boundary conditions (19), may
be written as follows

af +ayf' +asg+a,9' =0r=aq, (23)
bif + b,f' +byf =0, r=a, (24)
af +of' +cg+ck=0, r=a, (25)
and

d,f +d,f'+d;g+dy,g =0,r=h, (26)
e.f +ef +esf"=0, r=>», 27)
Af+fof + fa8+ fuk=0, r=D. (28)

The coefficients of the boundary conditions will
also depend on the parameter A and we have
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ay=d; =—-ma, =d, =0,a3 =d3; = -1,

a,=d,=1,by = e, = (@?r? + m? — 1),

b,=e;,=r,b3=e;=1%c,=f, =0, } 29)

c; =f2 = (Bsszz +63)r,c5=f3=0, J
Co=fo=-T.

The general solution can then be written as
y=ku+k,v+kw, (30)

where y = [f, f'.f, g, g k]T and ki, k,, k; are
arbitrary constants, u = [U, Uy, Uz, Uy, Us, Ug] , V =
[vli VU2, V3, V4, Us, Ué]a w= [W1; Wy, W3, Wy, Wg, W6]T7
are linearly independent solutions which satisfy the
boundary conditions (23)—(25). Now we define the
solution matrix as

Uy Vg W
( U vy Wz\
Y = | u4 174_ W4 | (31)
Us Vs Wg /
Ve Ve We
The twenty 3x3 minors of the solution matrix
(Compound matrix variables) are

u v W
Yik =W v Wwi|, (1=1,234),
U Vg Wi
G=i+1,..,5, k=j+1,..,6). (32)

By considering the Laplace expansion (Haughton
and Orr, 1997; Ng and Reid, 1985) with the
complementary minors of this determinant, we
obtain

Y1237 U1V W3-U  VgWo-Up V1 W3 + U V3Wy + UV W,
“UzVWy,
V1247 U1V Wa-Ug UaWo-Up Ui Wy T Up Uy Wy + ULV W,
—UyUp Wy,

Va56=UsVsWe-UgVgW5-UsVUsWe + UsVgWy TUVLWs
- UgUsWy . (33)

Now by differentiating the above Compound
matrix variables with respect to r and in view of
relations (20)-(22) and that w,v,w are three
linearly independent solutions, we have

! —

Y123 = Q3Y123 T A4Y124 T AsY12506YV126)
o

Y124 = Y125 T Y134,

Yase = —P1Y1a6 — B2YV246 + PsVase +
V1Y1a5 T V2Y245 T V3Y345- (34)

In view of the boundary conditions (19), we
obtain the following relations at r = a

" 1-m2-c20
f= ( )f B a(B3333+U3) fe.

Since, u, v and w are three linearly independent
solutions at r = a, which satisfies the boundary
conditions (23)-(25) and in view of the above and
due to the following relations

u1=1,u4=0,u6=0,171=0,174=1,
Vg = O,Wl = 0,W4_ = O,Wﬁ = 1,

we get
_ _ 1-m?-aya? _m

u, =0, u; = = ) Us =
1 1

v, =0,v3=0,v5==,w, = ,
a B3333+03

1
Wy = —————, Wy =0.
a(B3333+a3)

Hence, three linearly independent vectors which

satisfy the boundary conditions at r = a are shown
by

[ 1 0 0
U v wq 0 0 1
|2 vz W B3333+03

|us vs ws| |1=m’-aza? 1

|u4 Vs Wy |: o2 (1) a(Bssssios) | (35)
Us Vs Wsg r(r)L 1 0
lu6 Vg W6J = a 0

L 0 0 1

In view of (35), and by using the boundary
conditions (23)—(25) in Compound matrix variables
(33), we obtain the initial conditions at r = a as
follows:

as
Y123(a) = 0, yi25(a) = _a_4)’124(a),

c b
Yize(@) = ——3}’124(01), yiza(a@) = ——2}’124(‘1)'

b
b as c3b,
Yizs(a) = y124(a) Yize(a@) = Cabs }’124(11)
a
Yias(a) = _a_y124(a)' Yise(a@) = c_y124(a)’
4 A 4
asc
Yise(a) = — 2 2}’124(61)' V23a(a) = —1y124(a),
QAyCy b3
b b
V23s(a) = —b1_23y124(a)s V236(a) = _bl_?}’uz}(a)'
3 4a1 3 31
V245(a) = ——y124(a), y246(a) = ——y124(a),
Ay Ca
(ascy — aqc3)
V2se(a) = $y124(a),

AyCy

bya
V3as(a) = baa }’124 (),
(b201 bicy)

V3a6(a) = b Yi24(a),
3Cs
(—=bzaszcy + bicyas + ayc3b,)
}’356(0) = b Yi24(a),
304C4
Yase(@) = }/124(61) (36)
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Now it is necessary to show that the boundary
conditions are satisfied at 7 = b.

By wusing the general solution (30) and
substituting into the boundary conditions (26)—(28),
we have

ki(dyus + dsuy + dyuy + dyuy)+
ky(dyvs +dsvy + divy + dyvy) +
ks(dyws + dsw, + dyw; + dyw,) =0,
ki(esus + eze,. +ejuy) + ky(esvs + e,v,
+e v, + ky(esws + e;w, +e,wy) =0,
ki(fauz + fiug + fauy + faue) + ko (fov2
+ivy + f3Vs + faVe) + k3 (fows + fiwy
+fsw, + fawg) = 0.

For the existence of the non-trivial solution, the
determinant of the coefficients matrix of the above
system of equations for the variables kq,k,, ks,
should be zero. The above 3%x3 determinant of the
coefficient matrix may be written in terms of y;j;'s
and finally the target condition is obtained as
follows:

(daesfy — diesfo)yizs + (dieafs + dsesfs
—dzeyfi — dze1f3)Y124 + dse1foYizs +
diefaY126 + (dresfs — dsesfi)yizr —
dsezf1Y135 + d1€3f4 Y136 — dae1f3V1a5 —
dse1faY1a6 — dae1faY1s6 + d2€3f2Y236
+(dye3f3 — dsesf2)Yo3a — daesfoyass +
ds€3f3Y245 — d3€2faY2a6 — dae1faYise +
dseifayise + (daesfs — dzesfr)yoza —
dse3f2Y235 + da€3f4Y236 + daeaf3V245 —
dsezfaYa46 — As€2f4Y256 — As€3f3Y345 —
dsesfiYsae — dae3faysse =0, 7 =b.(37)

By substituting the coefficients (29) in equation
(37), we obtain the final simplified relation of the
target condition as

mb2(33333 + 03)y123 —b(—1+ m?® +
azbz)(33333 + 03)Y124 + bz(_l +m? +
azbz)(33333 + 03)Y125 + meY126 +

mb3yi36 — b(—1+ m? + a?b?)y 46 +

b%2(—1+ m? + a?b?)y,s + b3(B3333 +

03)Y234 + b*(B3zas + 03)Y235 + b?Yous +

b3}’256 - b33’346 + b4}’356 =0, r=hb, (38)

2

where g3 = ZTM; and Bj333 = 13 6/?3—:/13'

obtain the eigenvalues A, we first integrate
equations (34) in view of the initial conditions (36)
with the use of the so called Runge-Kutta-Fehlberg
method. Then by using the shooting method, we
adjust A such that the target condition (38) is
satisfied. The numerical results which were
obtained by the use of Fortran 90 programming

(Metcalf, 2011) are shown in Fig. 1.

In order to

Fig. 1. Comparing the radius changes with respect to the
changes of the length for A=0.85 and% =2.5,5,10,20

5. Discussion

One of the numerical methods mostly used on
solving the eigenvalue problems and/or the higher
order ODE’s with variable coefficients or even the
system of equations is Compound matrix method.

It seems that the reason of applying this method
on solving the finite elasticity problems compared
to the other numerical methods goes back to the
power of the so called Laplace expansion.

By increasing the order of the system and due to
the properties of the Laplace expansion, the
accuracy and validity of this method do not change,
which shows the performance of this method, while
Adams-Moulton method has a vice versa ratio with
the order of the system.

The obtained results are illustrated in Fig. 1. As
we noted before, the aim of this article is to
calculate the eigenvalues and also analyze the
axisymmetric bifurcation of the cylindrical elastic
shell under axial loading and external pressure. The
dotted line curve in Fig. 1 is related to deformation
of shell in the case of axial loading where we
eliminated the external pressure, and the other four
curves are the axisymmetric curves for A= 0.85 and

the aspect ratio % = 2.5, 5,10, 20. Since the

azimuthal mode number considered is zero (m=0),
these curves are called axisymmetric.
Our discussion is divided in two parts i.e.

0 <4,<1 and A,> 1. In the region 0 <1,< 1 and due
to the action of the curves, the cylinder is under an
axial compression type of loading. It means that,
the ends of the cylindrical shell are, compressed
along the axis. Also, the external pressure causes
the decreasing of the radius ratio of the cylinder.
The second region corresponds to the case, where
cylinder is under an axial extension type of loading.
In this region the external pressure is also effective
on the decreasing of the radius ratio. The
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bifurcation points of this problem are the points
obtained from the intersection of axisymmetric
curves and the zero pressure curve (dotted line
curve). It is obvious from Fig. 1 that the first
bifurcation point is obtained from the intersection
of the first curve (from the axisymmetric curves)
with the dotted line curve. It was also observed that
all of the bifurcation points are located in the region
0<A,<1. Due to the complete agreement between
the numerical data, it can be seen that the curves of
the two methods coincided very well and provide us
satisfactory results.

6. Conclusion

Deformation of the elastic materials under the
various pressure leads to eigenvalue problems.
Numerical methods are effective in such problems
with the normal oscillations but for the higher
oscillations numerical integration is generally
useless. In this paper, two numerical, i.e.
Compound matrix and Adams-Moulton methods
are used for low oscillations. On solving the
eigenvalue problems, it is obvious that the first
method is better than the second one. Using
Laplace expansion in the Compound matrix method
improved the results of the Adams-Moulton and are
close to the results obtained in the paper. We also
concluded that all of the bifurcation points are
located in the region 0 <A,< 1.
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