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Abstract 

The main objective of this study is to swing Krull intersection theorem in primary decomposition of rings and 
modules to the primary decomposition of soft rings and soft modules. To fulfill this aim several notions like soft 
prime ideals, soft maximal ideals, soft primary ideals, and soft radical ideals are introduced for a soft ring over a 
given unitary commutative ring. Consequently, the primary decomposition of soft rings and soft modules is 
established. In addition, the ascending and descending chain conditions on soft ideals and soft sub modules of soft 
rings and soft modules are introduced, respectively, enabling us to develop the notions of soft Noetherian rings 
and soft Noetherian modules. 
 
Keywords: Primary decomposition; soft Noetherian ring (module); soft primary module; minimal soft prime ideal; 
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1. Introduction 

The certainty of information has always been a 
major challenge; it is quite difficult to obtain the 
required level of precision information. In order to 
deal with problem precision in information, several 
models and theories were developed and employed 
but none of them served the purpose of exact 
precision. It was concluded that the fundamental 
cause of uncertainty lies in the set theory based on 
classical logic. Russell's paradox is one of the 
examples that points out the limitation of classical 
set theory. Molodtsov (Molodtsov, 1999) initiated 
soft theory as a mathematical tool to solve the 
problem of precision in information. Maji et al. 
(Maji. et. al, 2002 and 2003) showed the 
significance of the soft set theory by applying it in 
the decision making problems. Moreover, he 
introduced new functions on soft set. Chen (Chen, 
2005) established the notion of soft set 
parameterization reduction, which made the soft 
theory more applicable. Later, the concept of 
normal parameter reduction of soft sets was 
introduced by Kong (Kong, 2008). Whereas Zuo et 
al. (Zou, 2008) introduced the soft set data analysis 
method. Ali et al. (Ali et al. 2009) contributed some 
new algebraic operations on the soft sets. In (Li 
2011) Fu Li obtained some results of soft set theory 
based on his newly defined algebraic operations 
and proved that the distributive law holds involving 
two new operations. Aktas and Çağman (Aktas and 
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Çağman 2007) applied notions of group theory on 
soft sets. Jun (Jun, 2008) and Jun and Park (Jun and 
Park, 2008) have explored BCK/BCI-algebras and 
there application in the soft sense. However, Feng 
(Feng, 2008) investigated a soft semi-rings, 
idealistic soft semi-rings and soft ideals. Moreover, 
Shabir and irfan (Shabir et al. 2009) restricted one 
binary operation and investigated soft ideals over a 
semigroup. In continuation in a general setting Shah 
et al. (Shah et al. 2011) have a soft treatment of 
ordered Abel-Grassman's Groupoids (AG-
Groupoids). 

Recently, Soft set theory has incredible growth in 
the algebraic structures. Aktaş and Çağman (Aktas 
et al. 2007) extended soft set for soft group. 
However, in (Acar et al. 2010) the basic idea of a 
soft ring was introduced, which is in fact a 
parameterized family of subrings and ideals of a 
ring. Atagun and Sezgin (Atagun and Sezgin, 2011) 
presented soft subring and soft ideal, soft subfield 
over a field and soft sub-module over a left R -
module. Celik et al. (Celik et al. 2011) described a 
new concept of soft rings, soft ideals, and 
introduced some new operations in soft set theory. 
The notion of soft modules and its properties are 
defined in (Sun et al. 2008). 

In this study, initially we extended the concepts 
of soft ideals in a soft ring to soft irreducible ideals, 
soft prime ideals, soft maximal ideals, soft primary 
ideals and soft radical ideals. Ultimately the 
primary decomposition of soft rings and soft 
modules is proven and consequentially, a shift in 
Krull intersection theorem in primary 
decomposition of rings and modules is obtained. 
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Furthermore, the ascending and descending chain 
conditions on soft ideals and soft sub modules of 
soft rings and soft modules are presented. 
Accordingly, we are able to develop the notions of 
soft Noetherian rings and soft Noetherian modules. 

The paper is organized as: In section 2, some 
relevant definitions and results on soft sets and soft 
rings are described. While in section 3, we delimit 
the primary decomposition of a soft ring. Also, 
ascending and descending chain conditions on a 
soft ring are also described in detail. In the same 
section the notions of a soft Noetherian ring and a 
soft Laskerian ring are presented. Section 4 
contains the discussion on primary decomposition 
of a soft module. Moreover ascending and 
descending chain conditions on soft modules are 
also given with soft Noetherian and soft Laskerian 
modules. The major objective is obtained as a 
theorem, analogous to Krull intersection theorem 
for a soft ring and a soft module. 

2. Preliminaries 

Molodtsov (Molodtsov, 1999) defined a soft set as: 
Let U  be an initial universe and E  be a set of 
parameters. The power set of U is denoted PሺUሻ and 
A be a non-empty subset of E. A pair ሺF, Aሻ is 
called a soft set over U, where F is a mapping given 
by ( )A P U . In other words, a soft set over U is 

a parameterized family of subsets of the universe 
U . For ε א A, Fሺεሻ is the set of ε -approximate 
elements of ሺF, Aሻ. 

Here, we recall some basic facts concerning soft 
sets from (Maji et al. 2002), for two soft sets ሺF, Aሻ 
and ሺG, Bሻ over a common universe U , ሺF, Aሻ is a 
soft subset of ሺG, Bሻ (i.e., ሺF, Aሻ ෥ؿ ሺG, Bሻ). If A ؿ B 
and for all e א A, Fሺeሻ and Gሺeሻ are identical 
approximations. ሺF, Aሻ is said to be a soft superset 
of ሺG, Bሻ, if ሺG, Bሻ is a soft subset of ሺF, Aሻ and is 
denoted by ሺF, Aሻ ෥ـ ሺG, Bሻ. Two soft sets ሺF, Aሻ and 
ሺG, Bሻ over a common universe U are said to be soft 
equal if ሺF, Aሻ is a soft subset of ሺG, Bሻ and ሺG, Bሻ is 
a soft subset of ሺF, Aሻ. Moreover, a soft set ሺF, Aሻ 
over U is said to be a null soft set denoted by   if 

( )F     (null set) for all A  , and a soft set 

( , )F A  over U  is said to be absolute soft set 

denoted by A෩ if ( )F   U  for all A  . Also 

A෩ୡ=φ and φୡ=A෩. If ( , )F A  and ሺG, Bሻ are two soft 

sets, then "ሺF, Aሻ OR  ሺG, Bሻ" denoted by 
ሺF, AሻڀሺG, Bሻ is defined as ሺF, AሻڀሺG, Bሻ ൌ ሺO, A ൈ
Bሻ where Oሺα, βሻ ൌ Fሺαሻ ׫ Gሺβሻ for all ሺα, βሻ א
A ൈ B. 

The union of two soft sets ሺF, Aሻ and ሺG, Bሻ over 
the common universe U  is the soft set ሺH, Cሻ, 

where C ൌ A ׫ B for all e א C, 
 

Hሺeሻ ൌ ቐ
Fሺeሻ if	e א A/B
Gሺeሻ if	e א B/A

Fሺeሻ ׫ Gሺeሻ if	e א A ת B	
 

 
and ሺF, Aሻ ෥׫ ሺG, Bሻ ൌ ሺH, Cሻ. 

The bi-intersection of two soft sets ሺF, Aሻ  and 
ሺG, Bሻ over the common universe U can be defined 
by Feng (Feng 2008) as follow: ሺF, Aሻ ෥ِ ሺG, Bሻ ൌ
ሺH, Cሻ is the soft set	ሺH, Cሻ, where C ൌ A ת B  and 
Hሺeሻ ൌ Fሺeሻ ת Gሺeሻ for all e א C. Celik et al. 
(Celik et al., 2011) gives restricted sum of two soft 
sets ሺF, Aሻ and ሺG, Bሻ over a ring R  is defined as 
ሺF, Aሻ תْ ሺG, Bሻ ൌ ሺH, Cሻ where C ൌ A ת B and 
Hሺeሻ ൌ Fሺeሻ ൅ Gሺeሻ for all e א C. Whereas the 
extended product of two soft sets ሺF, Aሻ and ሺG, Bሻ 
over a ring R  defined by ሺF, Aሻ ׫ٖ ሺG, Bሻ ൌ
ሺH, Cሻ, where C ൌ A ׫ B and 

 

Hሺeሻ ൌ ቐ
Fሺeሻ if	e א A/B
Gሺeሻ if	e א B/A	

Fሺeሻ ڄ Gሺeሻ if	e א A ת B
 

 
for all e א C. The restricted product of two soft sets 
defined by ሺF, Aሻ תٖ ሺG, Bሻ ൌ ሺH, Cሻ where 
C ൌ A ת B and Hሺeሻ ൌ Fሺeሻ ∙ Gሺeሻ for all e א C. 
From now on, we assume that R is a unitary 
commutative ring and all the soft sets are 
considered over R . The support of the soft set 
ሺF, Aሻ is defined by Acar et al. (Acar et al., 2011). 
 

SuppሺF, Aሻ ൌ ሼx א A: Fሺxሻ ് φሽ 
 

A soft set is said to be non-null if its support is 
not equal to the empty set. 
 
Definition 2.1. (Acar et al, 2011, Definition 3.1) A 
soft set ሺF, Aሻ over a ring R  is called a soft ring 
over R if Fሺxሻ is a subring of R for all x א A. A soft 
subring is defined as R, if ሺF, Aሻ and ሺG, Bሻ are soft 
rings over R . Then ሺG, Bሻ is called a soft subring 
of ሺF, Aሻ if B ؿ A and Gሺxሻ is a subring of Fሺxሻ, for 
all x א SuppሺG, Bሻ. 
Some results for the quick reference are mentioned 
below. 
 
Theorem 2.2. (Acar et al., 2011, Theorem 3.6) Let 
( , )F A  and ( , )G B  be soft rings over R . Then 

1. If Gሺxሻ ؿ Fሺxሻ, for all x א B ؿ A, then ሺG, Bሻ is a 
soft subring of ሺF, Aሻ. 
2. ሺF, Aሻ ෥ِ ሺG, Bሻ is a soft subring of both ሺF, Aሻ 
and ሺG, Bሻ if it is non-null. 
 
Definition 2.3. (Acar et al., 2011, Definition 4.2)  If 
I ؿ A and γሺxሻ is an ideal of Fሺxሻ, for all x א
Suppሺγ, Iሻ and I ؿ A and γሺxሻ is an ideal of Fሺxሻ, for 
all x א Suppሺγ, Iሻ, then ሺγ, Iሻ is a soft ideal of ሺF, Aሻ. 
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Theorem 2.4. (Acar et al., 2011, Theorem 4.3) Let 

1 1( , )I  and 2 2( , )I  be soft ideals of a soft ring 

( , )F A  over R . Then ሺγଵ, Iଵሻ ෥ِ ሺγଶ, Iଶሻ is a soft 

ideal of ( , )F A  if it is non-null. 

 
Theorem 2.5. (Acar et al., 2011, Theorem 4.4) Let 

1 1( , )I  and 2 2( , )I  be soft ideals of soft rings 

( , )F A  and ( , )G B  over R , respectively. Then 

ሺγଵ, Iଵሻ ෥ِ ሺγଶ, Iଶሻ is a soft ideal of ሺF, Aሻ ෥ِ ሺG, Bሻ	if 
it is non-null. 
 
Theorem 2.6. (Acar et al., 2011, Theorem 4.6) Let 
ሺF, Aሻ be a soft ring over R. ሺγଵ, Iଵሻ and ሺγଶ, Iଶሻ be 
soft ideals of  over R. If Iଵ and Iଶ are disjoint, then 
	ሺγଵ, Iଵሻ ෥ّ ሺγଶ, Iଶሻ is a soft ideal of ሺF, Aሻ. 
 
Definition 2.7. (Acar et al., 2011, Definition 5.1) A 
non-null soft set ሺF, Aሻ over R is said to be an 
idealistic soft ring over R if Fሺxሻ is an ideal of R for 
all x א SuppሺF, Aሻ. 
In this subsection, the idealistic approach is used. 
The notion of soft prime ideal is defined below. 
 
Definition 2.8. Let ሺF, Aሻ be a soft ring over the 
ring R . A non-null soft set ሺγ, Iሻ over R  is called 
soft prime ideal of ሺF, Aሻ. This is denoted by ሺγ, Iሻ

( , ) ( , )pI F A   if it satisfies the following 

conditions: 
a) I A . 
b) ( )x  is an ideal of ( )F x , for all 

( , )x Supp I . 

c) For ( ),F a  ( ) ( , ),F b F A  ሺγ, Iሻ

( ) ( ) ( , )F a F b I    either ( ) ( , )F a I  or 

( ) ( , )F b I . 

Next, we give the definition of soft maximal ideal. 
 
Definition 2.9. Let ( , )F A  be a soft ring over a 

ring R . A soft ideal ሺγ, Iሻ over the ring R  is called 
soft maximal ideal of ( , )F A  denoted by 

( , ) ( , )mI F A   if ( )x  is soft maximal ideal 

of ( )F x , for all	x א Suppሺγ, Iሻ. 
The soft primary ideal and radical soft ideal is 

defined as; 
 
Definition 2.10. Let ( , )F A  be a soft ring over the 

ring R . A non-null soft set ሺγ, Iሻ over R is called 
soft primary ideal of ሺF, Aሻ ( , )F A , denoted by 

ሺγ, Iሻ ୮ᇲٲ ሺF, Aሻ if it satisfies the following 
conditions: 
a) ؿ A. 

b) γሺxሻ is an ideal of Fሺxሻ, for all x א Suppሺγ, Iሻ. 

c) For all Fሺaሻ, Fሺbሻ א ሺF, Aሻ, Fሺaሻ ∙ Fሺbሻ א
ሺγ, Iሻ ֜ either Fሺaሻ א ሺγ, Iሻ or	Fሺbሻ୬ א ሺγ, Iሻ, for 

some Zn  . 
 
Definition 2.11. Let ሺγ, Iሻ be a soft ideal of ( , )F A  

over the ring R . Then radical of the soft ideal 
( , )I  is denoted by (( , ))rad I  and defined as: 

rad൫ሺγ, Iሻ൯ ൌ ሼFሺaሻ א ሺF, Aሻ: ൫Fሺaሻ൯
୬
א ሺγ, Iሻሽ. 

 
Proposition 2.12. The radical of a soft primary 
ideal is a soft prime ideal. 
 
Proof: Obvious. 

3. Primary decomposition of Soft rings 

Recall that in a unitary commutative ring R , an 
ideal I  of R  has a primary decomposition if I  is 
a finite intersection of primary ideals, that is, 

1

n

i
i

I Q


  where Qi  are primary ideals of R . 

The primary decomposition I  is said to be reduced 

if the prime ideals i jQ Q  and 

1

n

i j
j

Q Q


  for 1 i n   and i j . If 

each ideal of a ring can be written as an intersection 
of primary ideals (resp. finite intersection of 
primary ideals), then ring is said to be ring with 
primary decomposition (resp. Laskerian ring). 

In this section we will develop the results about 
the primary decomposition of soft rings which 
plays fundamental roles in commutative algebra. 
Also, we prove an analogue to the result that: In a 
Noetherian ring every ideal can be written as a 
finite intersection of irreducible ideals. Moreover, it 
is determined that all proper soft ideals in a soft 
Noetherian ring have primary decomposition. 
 

Definition 3.1. Let  , I  be a soft ideal of a soft 

ring  ,F A  over R . We say that  , I  has a 

primary decomposition if there exist a non-empty 
familyሼሺγ୧, I୧ሻ: i א Գሽ of soft primary ideals of 

 ,F A  such that 

1. I ൌ ⋂ I୧୧ , for all i א Գ; 
2. γሺݔሻ ൌ ⋂ ሻ௜ݔ௜ሺߛ , for all ݅ א Գ. 

A short notation ሺߛ, ሻܫ ൌڑ௜ୀଵ ሺߛ௜,  ௜ሻ for primaryܫ

decomposition of  , I  is used. 

Definition 3.2. A soft ring  ,F A  over R  is said 
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to have a primary decomposition (resp. a Laskerian 

soft ring) if each soft ideal of  ,F A  has a 

primary decomposition (resp. finite primary 
decomposition). 
 
Definition 3.3. A soft ring ( , )F A  is said to be 

reduced or irredundant if it has a primary 
decomposition, that is, each soft ideal ሺߛ, ሻܫ ൌ
௜ୀଵڑ ሺߛ௜, ,௜ߛ௜ሻ, where ሺܫ  .௜ሻ are soft primary idealsܫ
Then 
a) ݀ܽݎሺߛ௜, ௜ሻܫ ് ,௝ߛሺ݀ܽݎ ,݅ ௝ሻ, for allܫ ݆ א Գ, ݅ ് ݆; 
b) ሺߛ௜, ୧ሻܫ ௝ஷ௜ڑو ሺߛ௝, ,݅ ௝ሻ, for allܫ ݆ א Գ. 
 
Definition 3.4. Let ሺܨ, ሻ be a soft ring over Rܣ  
and ሺߛ, ,ܨሻ be soft ideal of ሺܫ ,ߛሻ. Then ሺܣ  ሻ is softܫ
irreducible if ሺߛ, ሻܫ ൌ ሺߛଵ, ଵሻܫ ڑ ሺߛଶ,  ଶሻ, whereܫ

ሺߛଵ, ,ଶߛଵሻ and ሺܫ ଶሻ be a soft ideals of ܫ ,F A , and 

either ሺߛ, ሻܫ ൌ ሺߛଵ, ,ߛଵሻ or ሺܫ ሻܫ ൌ ሺߛଶ,  .ଶሻܫ
 
Definition 3.5. Let ( , )I  and ( , )J  be two soft 

ideals of a soft ring ( , )F A . Then ( , )I  is said to 

are ( , )J -primary if ( , )I  is soft primary and

 ( , ) ( , ).rad I J   

 

Definition 3.6. Let  1 1, I  and  2 2, I  be two 

soft ideals of  ,F A  over .R  Denote soft ideal 

quotient by the set, 
൫ሺߛଵ, :ଵሻܫ ሺߛଶ, ଶሻ൯ܫ ൌ ሼܨሺܽሻ: ,ଶߛሺܽሻሺܨ ଶሻܫ ك
ሺߛଵ, ଵሻሽ, where the productܫ

     2 1 1,F a b I    for all

   2 2 2, ,b I   implies that 

   1 1 2 2( , : , )I I   is a soft ideal of  , .F A  

 
Theorem 3.7. Let ሺܨ, ሻ be a soft ring over Rܣ  and 
ሺߛ௜, ,ܨԳ be soft ideals of ሺא௜ሻ௜ܫ  ሻ. The followingܣ
conditions are equivalent: 
1. Every ascending chain of soft ideals is stationary, 
that is, 

a) The set of subsets iI  of a given set A  is ordered 

by inclusion. 
ܾሻ	ߛଵሺݔሻ ك ሻݔଶሺߛ ك ሻݔଷሺߛ ك ሻݔ௡ሺߛ such that ڮ ك
ݔ ሻ, for allݔ௡ାଵሺߛ א Գא௜תሺ݌݌ݑܵ ሺߛ௜,  ௜ሻሻ andܫ
ሺߛଵ, ଵሻܫ ك ሺߛଶ, ଶሻܫ ك ሺߛଷ, ଷሻܫ ك ڮ ك ሺߛ௡, ௡ሻܫ ك
ሺܨ,  .ሻܣ
2. Every non empty set of ideals in ሺܨ,  ሻ having aܣ
maximal element. 
 
Proof: Suppose (1) holds. Let us consider S  as a 

set of all proper soft ideals in a soft ring  ,F A . 

Since the soft ideals are ordered by inclusion, it is 
implied that every ascending chain of soft ideal in 
S  has an upper bound. By using Zorn's lemma, S  
contains a soft maximal element. As S  contains 
proper ideals, the maximal element in S  is a proper 

soft ideal of  ,F A . Thus, there is a soft maximal 

ideal for inclusion among all proper soft ideals. 

Hence every non empty set of ideals in  ,F A  has 

a maximal element. 
Conversely, assume that ሺߛଵ, ଵሻܫ ك ሺߛଶ, ଶሻܫ ك
ሺߛଷ, ଷሻܫ ك  is being an ascending chain of soft ڮ
ideals. Suppose ሺߛ, ሻܫ ൌ׫෥௜אԳ ሺߛ௜,  ௜ሻ, and ܵ be theܫ
set of soft ideals that are properly contained in 
ሺߛ,  .ሻ. Therefore, ܵ contains a maximal elementܫ
Since every nonempty set of ideals has a maximal 
element, for some ݊ א Գ, each ሺߛ௜,  ௜ሻ is containedܫ
in ሺߛ௡,  ௡ሻ. Henceܫ
ሺߛ௡, ௡ሻܫ ൌ ሺߛ௡ାଵ, ௡ାଵሻܫ ൌ ሺߛ௡ାଶ, ௡ାଶሻܫ ൌ ڮ ൌ ሺߛ,  .ሻܫ

Thus, every ascending chain of soft ideals is 
stationary. 
 
Definition 3.8. Let ሺܨ,  ሻ be a soft ring over a ringܣ
R  and ሺߛ௜, ,ܨԳ be soft ideals of ሺא௜ሻ௜ܫ ,ܨሻ. ሺܣ  ሻ isܣ
said to be soft Noetherian if it holds any one of the 
following conditions: 
1. Every ascending chain condition on soft ideals is 
stationary, that is, 
ܽሻ	ܫଵ ك ଶܫ ك ଷܫ ك  there exists a positive integer ڮ
݊ such that ܫ௡ ൌ  .௡ାଵܫ
ܾሻ	ߛଵሺݔሻ ك ሻݔଶሺߛ ك ሻݔଷሺߛ ك ሻݔ௡ሺߛ such that ڮ ൌ

,ሻݔ௡ାଵሺߛ  for all ݔ א ⋂ሺ݌݌ݑܵ ሺߛ௜, Գא௜ሻሻ௜ܫ  and it can 
be represented by a chain, 

ሺߛଵ, ଵሻܫ ك ሺߛଶ, ଶሻܫ ك ሺߛଷ, ଷሻܫ ك ڮ ك ሺߛ௡, ௡ሻܫ
ك ሺܨ,  ሻܣ

2. Every non-empty set of soft ideals of ሺܨ,  ሻ isܣ
contained in the soft maximal ideal. 
 
Example 3.9. Let ሺߛଵ, ,ଶߛଵሻ and ሺܫ  ଶሻ be soft idealsܫ
of a soft ring ሺܨ, ሻ over a ring .Rܣ  Consider the 
ring ܴ ൌ ܣ ൌ Ժ and ܫଵ ൌ ଶܫ ൌ ଷܫ ൌ Ժ െ ሼ0ሽ. Let us 
consider the set-valued function : ( )F A P R  

given by ܨሺݔሻ ൌ ,ܨԺ. Then ሺݔ  ሻ is a soft ring overܣ

R . Now consider the functions : ( )i iI P R  , 

for 1 3i  , given by, ߛଵሺݔሻ ൌ ,Ժݔ8 ሻݔଶሺߛ ൌ
,Ժݔ4 ሻݔଷሺߛ ൌ ݔ  where	Ժ,ݔ2 א ,௜ߛሺ݌݌ݑܵ  ௜ሻ. Thusܫ
ሺߛଵ, ଵሻܫ ك ሺߛଶ, ଶሻܫ ك ሺߛଷ, ଷሻܫ ك ሺܨ, ,ଷߛሻ and ሺܣ  ଷሻ isܫ
a soft maximal ideal of ሺܨ,  .ሻܣ
 
Remark 3.10. Ascending chain of soft ideals needs 
not to be stationary. For instance consider the ring 

ܴ ൌ Ժ ൅ XԷሾܺሿ, ܣ ൌ Է	ܽ݊݀	ܫ௜ ൌ
ଵ

ଶ೔
Ժ. Consider the 
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set valued function : ( )F A P R  such that 

ሺܽሻܨ ൌ ሼቀ
௑

௔
ቁ , ܽ א ,ܨሺ݌݌ݑܵ  ሻሽ. Consider theܣ

function : ( )i iI P R   given by ߛ௜ሺܽሻ ൌ

ሼቀ
௑

௔
ቁ : ܽ א ,௜ߛሺ݌݌ݑܵ ଵܫ ௜ሻሽ. This givesܫ ك ଶܫ ك ଷܫ ك

ሻݔଵሺߛ and ڮ ك ሻݔଶሺߛ ك ሻݔଷሺߛ ك   ,So .ڮ
ሺߛଵ, ଵሻܫ ك ሺߛଶ, ଶሻܫ ك ሺߛଷ, ଷሻܫ ك ሺߛସ, ସሻܫ ك  .ڮ

Hence, we get a non-terminating ascending chain of 
soft ideals. This is a non Noetherian ring. Here the 

soft maximal ideal of the soft ring is  ,F A  itself. 

 

Definition 3.11. Let  ,F A  be a soft ring over a 

ring R . Then the soft prime ideal ( , )I  is said to 

be a minimal soft prime ideal if it is minimal in 

 ,Spec F A  with respect to inclusion. 

 
Proposition 3.12. The following conditions hold 
for conductor ideals. 
1. ሺߛ, ሻܫ ك ሺߛ, :ሻܫ ሺߞ,  ሻܬ
2. ൫ሺߛ, :ሻܫ ሺߞ, ሻ൯ܬ תٖ ሺߞ, ሻܬ ك ሺߛ,  ሻܫ
3. ൫ሺߛ, :ሻܫ ሺߞ, :ሻ൯ܬ ሺߟ, ሻܮ ൌ
൫ሺߛ, :ሻܫ ሺߞ, ሻ൯ܬ ׫ٖ ሺߟ,  ሻܮ
4. ൫ሺߛ, :ሻܫ ሺߞ, ሻ൯ܬ ൌڑ௡ୀଵ

ஶ ൫ሺߛ௡, I௡ሻ: ሺߞ,  ,ሻ൯ܬ
where ሺߛ, ሻܫ ൌڑ௡ୀଵ

ஶ ሺߛ௡,  .௡ሻܫ
5. 	൫ሺߛ, :ሻܫ ሺߞ, ሻ൯ܬ ൌڑ௡ୀଵ

ஶ ൫ሺߛ, :ሻܫ ሺߞ௡,  ,௡ሻ൯ܬ
where ሺߞ, ሻܬ ൌ ,௡ߞሺת۩  ௡ሻܬ
for all ݊ א Գ. 
 
Proof: 
1. Hence obvious. 
2. Let ܨሺܽሻ א ൫ሺߛ, :ሻܫ ሺߞ, ሺܾሻߞ ሻ൯, whereܬ ൌ
,ߞሺ݌݌ݑܵ ሺܾ௜ሻߞሺܽሻܨ ሻ. Thenܬ א ሺߛ,  ሻ. Now for anyܫ
൫ߞ ௝ܾ൯ א ,ߞሺ݌݌ݑܵ ൫ߞሺܾ௜ሻߞሺܽሻܨ ሻ, it followsܬ ௝ܾ൯ א
ሺߛ, ,ߛሻ. Hence ൫ሺܫ :ሻܫ ሺߞ, ሻ൯ܬ תٖ ሺߞ, ሻܬ ك ሺߛ,  .ሻܫ
3. Let ܨሺܽሻߟሺܾሻ א ൫ሺߛ, :ሻܫ ሺߞ,  ሻ൯. Thenܬ
ሺܿሻߞሺܾሻߟሺܽሻܨ א ൫ሺߛ, :ሻܫ ሺߞ, ܾ ሻ൯, whereܬ א
,ߟሺ݌݌ݑܵ ܿ ሻ andܮ א ,ߞሺ݌݌ݑܵ ሺܿሻߞሺܾሻߟ ሻ andܬ א
ሺߟ, ሻܮ ׫ٖ ሺߞ,  .ሻܬ
Hence	ܨሺܽሻ א 	 ൫ሺߛ, :ሻܫ ሺߞ, ሻ൯ܬ ׫ٖ ሺߟ,  .ሻܮ

Similarly, the existence of the converse can be 
proved. 
4. Let ܨሺܽሻߞሺܾሻ א ሺߛ, ሺܾሻߞሺܽሻܨ ሻ. Thenܫ א
ሺߛ௡, ܾ ௡ሻ, forܫ א ,ߞሺ݌݌ݑܵ ሺܽሻܨ ሻ. Thusܬ א
	൫ሺߛ௡, :௡ሻܫ ሺߞ, ݊ ሻ൯, forܬ א Գ, and ܨሺܽሻ א
௡ୀଵڑ
ஶ ሺሺߛ௡, :௡ሻܫ ሺߞ, ,ߛሺሺ	 ሻሻ. Henceܬ :ሻܫ ሺߞ, ሻܬ ك

௡ୀଵڑ
ஶ ሺሺߛ௡, :௡ሻܫ ሺߞ,  .ሻሻ and vice versaܬ

5. Let ܨሺܽሻߞሺܾሻ א ሺߛ, ሻ where ሺܾሻܫ ൌ
ܾ ଷሺܾሻ… forߞଶሺܾሻߞଵሺܾሻߞ א ,ߞሺ݌݌ݑܵ  ሻ. Henceܬ
ሺܽሻܨ ௡ୀଵڑ

ஶ ൫ሺߛ, :ሻܫ ሺߞ௡,  .௡ሻ൯ܬ
Thus 	൫ሺߛ, :ሻܫ ሺߞ, ሻ൯ܬ ௡ୀଵڑك

ஶ ൫ሺߛ, :ሻܫ ሺߞ௡,   ௡ሻ൯ܬ
and vice versa. 

 
Theorem 3.13. Let ሺܨ,  ሻ be a soft Noetherian ringܣ
over ܴ. Each soft ideal ሺߛ, ,ܨሻ of ሺܫ  ሻ over ܴ is aܣ
finite intersection of soft irreducible ideals. 
 
Proof: Suppose on the contrary, that the soft ideal 
ሺߛ,  ሻ can't be written as a finite intersection of soft irreducibleܫ
ideals. Set ෩ܰ ൌ ሼሺߛ, ,ߛሻ|ሺܫ  	݁ݐ݂݅݊݅	ݏܽ	݊݁ݐݐ݅ݎݓ	ܾ݁	ݐ݋݊݊ܽܿ	ሻܫ
. Since 	ሽݏ݈ܽ݁݀݅	݈ܾ݁݅ܿݑ݀݁ݎݎ݅	ݐ݂݋ݏ	݂݋	ݐܿݑ݀݋ݎ݌ ,F A  is 

a soft Noetherian, there exist a maximal ideal 
ሺߛԢ, Ԣሻܫ א ෩ܰ, such that ሺߛԢ,  Ԣሻ can't be written as aܫ
finite product of soft irreducible ideals. 

Also ሺߛԢ,  ,Ԣሻ is not a soft irreducible idealܫ
therefore there exists ሺߛଵ, ,ଶߛଵሻ and ሺܫ  ଶሻ such thatܫ
the restricted intersection of ሺߛଵ, ଵሻܫ ڑ ሺߛଶ, ଶሻܫ ൌ
ሺߛԢ, ,ԢߛԢሻ implies either ሺܫ Ԣሻܫ ك ሺߛଵ, ,Ԣߛଵሻ or ሺܫ Ԣሻܫ ك
ሺߛଶ, ,Ԣߛଶሻ. The maximality of ሺܫ  Ԣሻ implies thatܫ
ሺߛଵ, ଵሻܫ ב ෩ܰ and ሺߛଶ, ଶሻܫ ב ෩ܰ. This implies ሺߛଵ,  ଵሻܫ
and ሺߛଶ,  ଶሻ can be written as the finite intersectionܫ
of soft irreducible ideals, that is, ሺߛԢ,  Ԣሻ can beܫ
written as the finite intersection of soft irreducible 
ideals which is a contradiction. Hence, it is proved. 
 
Theorem 3.14. Let ሺܨ,  ሻ be a soft Noetherian ringܣ
over a ring. Every soft irreducible ideal of ሺܨ,  ሻ isܣ
a soft primary ideal of ሺܨ,  .ሻܣ
 
Proof: Let ሺߛ,  ሻ be a soft irreducible ideal overܫ
ሺܨ, ,ሺܽሻܨ ሻ. Then for anyܣ ሺܾሻܨ א ሺܨ,  ሻ, such thatܣ
ሺܾሻܨሺܽሻܨ א ሺߛ, ሺܾሻܨ ሻ andܫ ב ሺߛ,  ሻ. Thisܫ
gives,൫ሺߛ, :ሻܫ ሺܽሻ൯ܨ ك ൫ሺߛ, :ሻܫ ሺܽሻଶ൯ܨ ك
൫ሺߛ, :ሻܫ ሺܽሻଷ൯ܨ ك  is an ascending chain of soft ڮ
ideals of ሺܨ, ሻ overܣ R . Since ሺܨ,  ,ሻ is Noetherianܣ
൫ሺߛ, :ሻܫ ሺܽሻN൯ܨ ൌ ൫ሺߛ, :ሻܫ ܰ  ሺܽሻேାଵ൯, forܨ ൒ ݊. 
Now, we will see that whether this soft ideal 
ሺߛ,  can be written as the restricted intersection of	ሻܫ
two soft ideals or not. 
ሺߛ, ሻܫ ൌ
൫ሺߛ, ሺܽሻ௡ܨת۩ሻܫ ڄ ሺܨ, ሻ൯ܣ ڑ ൫ሺߛ, ሺܾሻܨת۩ሻܫ ڄ
ሺܨ, ݊ ሻ൯, for allܣ א Գ. 
If ܨሺܽሻ א ሺߛ, ,ሻܫ ሺܽሻߛ	݄݊݁ݐ ك ሺܽሻߛ ൅ ሺܽሻߛ	݀݊ܽ	ሺܿሻܨሺܽሻ௡ܨ ك
ሺܽሻߛ ൅ ,ሺܿሻܨ	݁ݎ݄݁ݓ		ሺ݀ሻܨሺܾሻܨ ሺ݀ሻܨ א ሺܨ,  This implies	ሻ.ܣ
ሺߛ, ሻܫ ك ൫ሺߛ, ሺܽሻ௡ܨת۩ሻܫ ڄ ሺܨ, ሻ൯ܣ ڑ ൫ሺߛ, ሺܾሻܨת۩ሻܫ ڄ
ሺܨ,  .ሻ൯ܣ
Conversely, assume that ߛሺܿሻ א ൫ሺߛ, ሺܽሻ௡ܨת۩ሻܫ ڄ
ሺܨ, ሻ൯ܣ ڑ ൫ሺߛ, ሺܾሻܨת۩ሻܫ ڄ ሺܨ,  ሻ൯ܣ
and 	ߛሺܿሻ ൌ ሺܾ௜ሻߛ	 ൅ ሺܿሻܨሺܽሻ௡ܨ ൌ ሺܾ௜ሻߛ	 ൅  .ሺ݀ሻܨሺܾሻܨ
For ܿ א ,ߛሺ݌݌ݑܵ  ሻܫ
ሺܿሻߛ ڄ ሺܽሻܨ ൌ ሺܾ௜ሻߛ	 ڄ ሺܽሻܨ ൅ ሺܿሻܨሺܽሻ௡ାଵܨ

ൌ ሺܾ௜ሻߛ	 ڄ ሺܽሻܨ ൅  ሺ݀ሻܨሺܾሻܨሺܽሻܨ
Since ܨሺܽሻܨሺܾሻ א ሺߛ, ሺܿሻܨሺܽሻ௡ାଵܨ ሻ, thereforeܫ א
ሺߛ, ሺܿሻܨ ,ሻ. Alsoܫ א ൫ሺߛ, ሺܽሻ௡ܨת۩ሻܫ ڄ ሺܨ,  ሻ൯ andܣ
ሺܿሻߛ א ሺߛ, ,ߛሻ, therefore ൫ሺܫ ሺܽሻ௡ܨת۩ሻܫ ڄ ሺܨ, ሻ൯ܣ ڑ
൫ሺߛ, ሺܾሻܨת۩ሻܫ ڄ ሺܨ, ሻ൯ܣ ك ሺߛ,  ሻܫ

As ሺߛ,  ሻ is irreducible, henceܫ
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ሺߛ, ሻܫ ؿ ൫ሺߛ, ሺܽሻ௡ܨת۩ሻܫ ڄ ሺܨ,  ሻ൯, due to the factܣ
that ܨሺܾሻ ב ሺߛ,  ,ሻ. Soܫ
ሺߛ, ሻܫ ൌ ൫ሺߛ, ሻܫ תْ ሺܽሻ௡ܨ ڄ ሺܨ,  .ሻ൯ܣ

This proves that ܨሺܽሻ௡ א ሺߛ,  .ሻ is soft primaryܫ
Thus, in a Noetherian ring every soft irreducible 
ideal is soft primary ideal. 
 
Theorem 3.15. Every soft Noetherian ring is a soft 
Laskerian ring. 
 
Proof: Follows directly from (Theorem 3.13 and 
Theorem 3.14). 
 

Theorem 3.16. Let  , I  be  , P  soft primary 

ideal of a soft ring  ,F A  over a ring R  and 

   ,F a F A . The following holds, 

1. If ܨሺܽሻ א ሺߛ, ,ߛሻ, then ൫ሺܫ :ሻܫ ሺܽሻ൯ܨ ൌ
ሺߛ,  .ሻܫ
2. If ܨሺܾሻ ב ሺߛ, ,ߛሻ, then ൫ሺܫ :ሻܫ ሺܽሻ൯ܨ ك
ሺߦ, ܲሻ is a soft primary ideal. 
 
Proof: 
1. It is given that ܨሺܽሻ א ሺߛ, ,ߛሻ. Since ሺܫ  ሻ is a softܫ
ideal, therefore  ܨሺܽሻߛሺߚሻ ك ሺߛ,  .ሻܫ
Hence		൫ሺߛ, :ሻܫ ሺܽሻ൯ܨ ك ሺߛ,  ሻ. The converse isܫ
directly from (proposition 2.12), that is, 
൫ሺߛ, :ሻܫ ሺܽሻ൯ܨ ل ሺߛ,  .ሻ. Thus, equality holdsܫ
2. Suppose ܨሺܾሻ א ൫ሺߛ, :ሻܫ ሺܽሻܨሺܾሻܨ ሺܽሻ൯, thenܨ א
ሺߛ, ሺܽሻܨ ሻ. Sinceܫ ב ሺߛ, ሺܾሻ௡ܨ ሻ, thereforeܫ א ሺߛ,  ሻܫ
which gives ܨሺܾሻ א ,ߛሺ݀ܽݎ ሻܫ ൌ ሺߦ, ܲሻ. Thus, from 
(proposition 6)ሺሺߛ, :ሻܫ ሺܽሻሻܨ ك ሺߦ, ܲሻ and ሺߛ, ሻܫ ك
ሺሺߛ, :ሻܫ ሺܽሻሻܨ ك ሺߦ, ܲሻ. Now taking the radical of above 
inclusion; ݀ܽݎሺߛ, ሻܫ ك ,ߛሺሺ݀ܽݎ :ሻܫ ሺܽሻሻܨ ك ,ߦሺ݀ܽݎ ܲሻ. 
Since ݀ܽݎሺߛ, ሻܫ ൌ ሺߦ, ܲሻ, ݀ܽݎሺሺߛ, :ሻܫ ሺܽሻሻܨ ൌ ሺߦ, ܲሻ. 
Now to verify that ݀ܽݎሺሺߛ, :ሻܫ  ሺܽሻሻ is soft primaryܨ
ideal, let us consider that ܨሺݔሻ, ሻݕሺܨ א ሺܨ,  ሻ withܣ
,ሻݔሺܨ ሻݕሺܨ א ሺሺߛ, :ሻܫ ሻݕሺܨ ሺܽሻሻ andܨ ב ,ߛሺሺ݀ܽݎ :ሻܫ ሺܽሻሻܨ ൌ
ሺߦ, ܲሻ ൌ ,ߛሺ݀ܽݎ ሻݔሺܨ ሻ. This impliesܫ א ൫ሺߛ, :ሻܫ  ሺܽሻ൯. Henceܨ
൫ሺߛ, :ሻܫ ,ߦሺܽሻ൯ is ሺܨ ܲሻ soft primary. 

 

Remark 3.17. If the soft ideal ሺߛ, ሻ is a ܫ , P  

soft primary ideal of a soft ring ሺܨ,  ሻ. Then forܣ
ሺܽሻܨ א ሺߛ,  ሻ it is not necessary thatܫ
ሺሺߛ, :ሻܫ ሺܽሻሻܨ ് ሺܨ,  ሻ. For instance, consider ringܣ
ܴ ൌ Ժସ ൌ ሼ0,1,2,3ሽ, its subsets ܲ ൌ ሼ0,1,2ሽ and 
ܫ ൌ ሼ0,1ሽ. The set-valued function 

: ( )F A P R  given by ܨሺݔሻ ൌ ሼݕ א ܴ: .ݔ ݕ א
ሼ0,2ሽሽ. Therefore, ܨሺ0ሻ ൌ ሺ2ሻܨ ൌ Ժସ, ሺ1ሻܨ ൌ
ሺ3ሻܨ ൌ ሼ0,2ሽ. We see, all these sets are subrings of 

.R  Hence ሺܨ, ሻ is a soft ring over .Rܣ  Now 

consider the function : ( )I P R   given by 

ሻݔሺߛ ൌ ሼݕ א ܴ: ݔ ڄ ݕ ൌ 0ሽ. This implies ߛሺ0ሻ ൌ
Ժସ, ሺ1ሻߛ ൌ ሼ0ሽ. So ሺߛ, ሻܫ ൌ ሼԺସ, ሼ0ሽሽ. The mapping 

: ( )P P R   is defined as  

ሻݔሺߦ ൌ ሼݕ א ܴ: .ݔ ݕ ൌ 0ሽ, ߦሺ0ሻ ൌ Ժସ, ሺ1ሻߦ ൌ ሼ0ሽ 
and ߦሺ2ሻ ൌ ሼ0,2ሽ. So ሺߦ, ܲሻ ൌ ൛Ժସ, ሼ0ሽ, ሼ0,2ሽൟ. It is 
observe that ሺߦ, ܲሻ is a soft prime ideal and ሺߛ,  ሻ isܫ
ሺߦ, ܲሻ soft primary ideal. For ܨሺ0ሻ א ሺߛ,  ሻ, clearlyܫ
൫ሺߛ, :ሻܫ ሺ0ሻ൯ܨ ൌ ሼܨሺ0ሻ, ሺ2ሻሽܨ ك ሺܨ,  ሻ butܣ
൫ሺߛ, :ሻܫ ሺܽሻ൯ܨ ن ሺܨ,  .ሻܣ
 

Proposition 3.18. If 1 1( , )I  and 2 2( , )I  be 

primary decomposition ideals of a soft ring ( , )F A  

over a ring R . Then 1 1 2 2( , ) ( , )I I   is a 

primary decomposition soft ideal of ሺܨ,  ሻ, whereܣ
ଵܫ ת ଶܫ ൌ ߮. 
 
Proof: Obvious. 
 

Proposition 3.19: Let ሺߛଵ, ,ଶߛଵሻ and ሺܫ ଶሻܫ 2 2( , )I  

be primary decomposition ideals of a soft ring 
( , )F A  over R . Then ሺߛଵ, ଵሻܫ ෝר ሺߛଶ,  ଶሻ need notܫ

to be a primary decomposition ideal of ሺܨ,  .ሻܣ
 
Proof: Obvious. 
 
Remark 3.20. Let ሺߛଵ, ,ଶߛଵሻ and ሺܫ  ଶሻ be primaryܫ
decomposition of soft ideals of a soft ring ሺܨ,  ሻܣ
over ܴ. So 
(a) ሺߛଵ, ଵሻܫ תْ ሺߛଶ,  ଶሻ need not be a primaryܫ
decomposition soft ideal of ሺܨ,  .ሻܣ
(b) ሺߛଵ, ଵሻܫ תٖ ሺߛଶ,  ଶሻ need not be a primaryܫ
decomposition soft ideal of ሺܨ,  .ሻܣ
(c) ሺߛଵ, ଵሻܫ ڑ ሺߛଶ,  ଶሻ need not be a primaryܫ
decomposition soft ideal of ሺܨ,  .ሻܣ
 
Theorem 3.21. Every soft ideal of a soft 
Noetherian ring contains the power of its soft 
radical. 
 
Proof: Let ሺߛ,  ሻ be a soft ideal of a soft ringܫ
ሺܨ, ሺܽ௜ሻܨ ሻ. Takeܣ א ,ߛሺ݀ܽݎ ሻ, where ܽ௜ܫ א
,ܨሺ݌݌ݑܵ ሺa௜ሻ௡೔ܨ ሻ. Thenܣ א ሺߛ,  ሻ, for someܫ
݊௜ א Գ. Put  1 1 ,in n    then ሺߛ,  ሻ௡ isܫ

generated by ܨሺܽଵሻ௠భ ڄ ሺܽଶሻ௠మܨ ڄ ሺܽଷሻ௠యܨ  ,ሺܽ௜ሻ௠೔ܨڮ

where ∑݉௜ ൌ ݊. At least one i im n  making 

each ܨሺܽ௜ሻ௠೔, an element of ሺߛ, ,ߛሻ. Hence ሺܫ ሻ௡ܫ ك
ሺߛ,  .ሻܫ
 
Theorem 3.22. Restricted product of two soft 
ideals is contained in their restricted intersection. 
 
Proof: Let ሺߛଵ, ,ଶߛଵሻ and ሺܫ  ଶሻ be two soft ideals ofܫ

soft ring  ,F A  over a ring .R  Take ߛଵሺܽሻߛଶሺܽሻ א

ሺߛଵ, ଵሻܫ תٖ ሺߛଶ, ଵሺܽሻߛ	݁ݎ݄݁ݓ	ଶሻܫ א ሺߛଵ, ଶሺܽሻߛ ,ଵሻܫ א
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ሺߛଶ, ܽ ଶሻ andܫ א ,ଵߛሺሺ݌݌ݑܵ ଵሻܫ תٖ ሺߛଶ,  ଶሻሻ. Sinceܫ
ܽ א ଵܫ ת ଶሺܽሻߛଵሺܽሻߛ ଶ, henceܫ א ሺߛଵ,  ଵሻ andܫ
ଶሺܽሻߛଵሺܽሻߛ א ሺߛଶ, ଶሺܽሻߛଵሺܽሻߛ ଶሻ. Thusܫ א ሺߛଵ, ଵሻܫ ڑ
ሺߛଶ,  ,ଶሻ. Henceܫ
ሺߛଵ, ,ଶߛሺתଵሻۨܫ ଶሻܫ ك ሺߛଵ, ଵሻܫ ڑ ሺߛଶ,  .ଶሻܫ
 
Proposition 3.23. Let ሺߛ,  ሻ be a soft prime idealܫ
and ሺߛଵ, ,ଵሻܫ ሺߛଶ, ڮ,ଶሻܫ , ሺߛ௡, ݊ ௡ሻ anyܫ ൒ 0 soft 
ideals of ሺܨ,  ሻ. The following statements areܣ
equivalent: 
1. ሺߛ, ,௝ߛሻ contains ൫ܫ   .݆ ௝൯, for someܫ
2.		 ௜ୀଵڑ

௡ ሺߛ௜, ௜ሻܫ ك ሺߛ, 	݀݊ܽ	ሻܫ תٖ ሺߛ௜, ௜ሻܫ ك
ሺߛ, 1	ݎ݋݂	ሻܫ ൑ ݅ ൑ ݊.  
 
Proof: Obvious. 
 
Theorem 3.24. Let ሺߛ, ,ሻܫ ሺߛଵ, ,ଵሻܫ ሺߛଶ, ڮ,ଶሻܫ , ሺߛ௡,  ௡ሻܫ
be a set of ݊ ൅ 1 soft ideals of ሺܨ,  ሻ over ܴ suchܣ
that ሺߛ, ሻܫ ൌڑ௜ୀଵ

௡ ሺߛ௜,  ௜ሻ, is a reduced primaryܫ
decomposition of soft ideal ሺߛ, ,ߦሻ. Let ሺܫ ܲሻ be a 
soft prime ideal of ሺܨ,  ሻ of ܴ. Then the followingܣ
statements are equivalent: 
1. ሺߦ, ܲሻ ൌ ሺߦ௜, ௜ܲሻ, for some ݅, where ሺߦ௜, ௜ܲሻ ൌ
,௜ߛሺ݀ܽݎ  .௜ሻܫ
2. There exists an element of soft set ܨሺܽሻ א ሺܨ,  ሻܣ
such that ሺሺߛ, :ሻܫ ,ߦሺܽሻሻ is a ሺܨ ܲሻ soft primary 
ideal. 
3. There exists a ܨሺܽሻ א ሺܨ, ,ߦሻ  such that ሺܣ ܲሻ ൌ
,ߛሺሺ݀ܽݎ :ሻܫ   .ሺܽሻሻܨ
 
Proof: Obvious. 
 
Theorem 3.25. Let ሺߛ, ,ߦሻ and ሺܫ ܲሻ be soft ideals 
of soft ring ሺܨ, ,ߛሻ over a ring ܴ. Then ሺܣ  ሻ is aܫ
soft primary for ሺߦ, ܲሻ if and only if  
(a) ሺߛ, ሻܫ ك ሺߦ, ܲሻ ك ,ߛሺሺ݀ܽݎ   ሻሻܫ
(b) If ܨሺܽሻܨሺܾሻ א ሺߛ, ሺܽሻܨ ሻ andܫ ב ሺߛ,  ሻ, thenܫ
ሺܾሻܨ א ሺߦ, ܲሻ. 
 
Proof: Suppose (a) and (b) holds. If ܨሺܽሻܨሺܾሻ א
ሺߛ, ሺܽሻܨ ሻ andܫ ב ሺߛ, ሺܾሻܨ ሻ, thenܫ א ሺߦ, ܲሻ ك
,ߛሺሺ݀ܽݎ ሺܾሻ௡ܨ ሻሻ. Thus, the elementܫ א ሺߛ,  ሻ forܫ
some ݊ ൐ 0. Therefore, ሺߛ,  ሻ is a soft primaryܫ
ideal. To show ሺߛ, ,ߦሻ is soft primary for ሺܫ ܲሻ. We 
need only show that ሺߦ, ܲሻ ൌ ,ߛሺሺ݀ܽݎ  ,ሻሻ. By (a)ܫ
ሺߦ, ܲሻ ك ,ߛሺሺ݀ܽݎ ሺܾሻܨ ሻሻ. Ifܫ א ሺߛ,  ሻ, then forܫ
some positive integer n  such that ܨሺܾሻ௡ א ሺߛ,  .ሻܫ
If 1n  , then ܨሺܾሻ௡ א ሺߛ, ሻܫ ك ሺߦ, ܲሻ. If ݊ ൐ 1, 
then ܨሺܾሻ௡ିଵܨሺܾሻ א ሺߛ, ሺܾሻ௡ିଵܨ ሻ withܫ ב ሺߛ,  ሻܫ
by the minimality of ݊, by (b), ܨሺܾሻ א ሺߦ, ܲሻ. Thus, 
for ܨሺܾሻ א ,ߛሺሺ݀ܽݎ ሺܾሻܨ ሻሻ, it givesܫ א ሺߦ, ܲሻ The 
converse implication is obvious. 
 
Theorem 3.26. Let ሺߛ, ,ሻܫ ሺߛଵ, ,ଵሻܫ ሺߛଶ, ڮ,ଶሻܫ , ሺߛଶ,  ௡ሻܫ
are soft ideals of a soft ring ሺܨ,  ,ሻ. Thenܣ

1.  ( , ) ( , )rad rad I rad I  . 

2. ݀ܽݎ ൬
ሺߛ, ሻܫ תٖ ሺߛଵ, ଵሻܫ תٖ ሺߛଶ, ଶሻܫ

תٖ תٖڮ ሺߛ௡, ௡ሻܫ
൰ ൌڑ௜ୀଵ

௡ ሺߛ௜,  .௜ሻܫ

 
Proof: 
1. Let    ( , )F a rad rad I . Then    ,

n
F a rad I  

for Nn . Hence, by definition there exist a 

positive integer m such that    ( ) ,
n mF a I . 

Thus    , .F a rad I  

Conversely, Let    ,F a rad I . Then by 

definition of soft radical ideal, it is implied that

   1
,F a rad I . Hence    ( , ).F a rad rad I  

2. Let us consider an element 
ሺܽሻܨ ௜ୀଵڑא

௡ ,௜ߛሺ݀ܽݎ ௜ሻ. Then there areܫ

1 2, , , 0nm m m   such that    ,im

i iF a I , 

for each j . If 1 2 nm m m m    , then 

ሺܽሻ௠ܨ ൌ ሺܽሻ௠మܨሺܽሻ௠భܨ ሺܽሻ௠೙ܨڮ

א ሺߛଵ, ଵሻܫ תٖ ሺߛଶ, ଶሻܫ תٖ תٖڮ ሺߛ௡,  .௡ሻܫ
Hence 
௜ୀଵڑ
௡ ,௜ߛሺ݀ܽݎ	 ௜ሻܫ

ك ,ଵߛ൫ሺ݀ܽݎ ଵሻܫ תٖ ሺߛଶ, ଶሻܫ תٖ תٖڮ ሺߛ௡,  .௡ሻ൯ܫ
Since we know that 

ሺߛଵ, ଵሻܫ תٖ ሺߛଶ, ଶሻܫ תٖ תٖڮ ሺߛ௡, ௡ሻܫ
௜ୀଵڑك

௡ ሺߛ௜,  .௜ሻܫ
We have ݀ܽݎ൫ሺߛଵ, ଵሻܫ תٖ ሺߛଶ, ଶሻܫ תٖ תٖڮ ሺߛ௡,  ௡ሻ൯ܫ

௜ୀଵڑك
௡ ,௜ߛሺ݀ܽݎ  .௜ሻܫ

 

Theorem 3.27. Let  ,F A  be a soft ring over a 

ring .R  If soft prime ideal ሺߛ௜,  ௜ሻଵஸ௜ஸ௡ are softܫ

primary ideals for the soft prime ideal  , ,P  

then ڑ௜ୀଵ
௡ ሺߛ௜,  ௜ሻ is also a soft primary idealܫ

belonging to  , .P  

 

Proof: Let  , I  ௜ୀଵڑ 
௡ ሺߛ௜,  ௜ሻ. Then, byܫ

(Theorem 3.26), 
,ߛሺ݀ܽݎ ሻܫ ൌ ݀ܽݎ ௜ୀଵڑ

௡ ሺߛ௜, ௜ሻܫ ൌڑ௜ୀଵ
௡ ,௜ߛሺ݀ܽݎ ௜ሻܫ ൌ

ሺߦ, ܲሻ, and by using (Theorem 3.25), ሺߛ, ሻܫ ك
ሺߦ, ܲሻ ك ,ߛሺ݀ܽݎ ሺܾሻܨሺܽሻܨ ሻ. Ifܫ א ሺߛ,  ሻ andܫ
ሺܽሻܨ ב ሺߛ, ሺܾሻܨሺܽሻܨ ,ሻܫ א ሺߛ௜,  .݅ ௜ሻ for someܫ
Since ሺߛ௜, ,ߦ௜ሻ is ሺܫ ܲሻ soft primary, ܨሺܾሻ א ሺߦ, ܲሻ. 
Consequently, ሺߛ, ,ߦሻ itself is ሺܫ ܲሻ soft primary. 
 
Theorem 3.28. Let ሺߛ,  ሻ be a soft ideal of a softܫ
ring ሺܨ, ሻ over a ring Rܣ . If ሺߛ,  ሻ has a primaryܫ
decomposition of soft rings, then ሺߛ,  ሻ has aܫ
reduced primary decomposition. 
 
Proof: Let ሺߛ, ሻܫ ൌڑ௜ୀଵ

௡ ሺߛ௜,  ௜ሻ be intersection ofܫ
soft primary ideals and some soft primary ideals  ,i iI  

are contained inሺߛଵ, ଵሻܫ ڑ ሺߛଶ, ଶሻܫ ڑ ڑڮ ሺߛ௜ିଵ, ௜ିଵሻܫ ڑ
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ሺߛ௜ାଵ, ௜ାଵሻܫ ڑ ڑڮ ሺߛ௡, ,ߛ௡ሻ, so ሺܫ ሻܫ ൌ ሺߛଵ, ଵሻܫ ڑ
ሺߛଶ, ଶሻܫ ڑ ڑڮ ሺߛ௜ିଵ, ௜ିଵሻܫ ڑ ሺߛ௜ାଵ, ௜ାଵሻܫ ڑ ڑڮ
ሺߛ௡,  ௡ሻ is also a primary decomposition. Byܫ
eliminating the superfluous ሺߛ௜

ᇱ,  ௜Ԣሻ and reindexingܫ
we have 
ሺߛ, ሻܫ ൌ ሺߛଵ, ଵሻܫ ڑ ሺߛଶ, ଶሻܫ ڑ ڑڮ ሺߛ௞,  ௞ሻ with no softܫ
primary ideal ሺߛ௝,  ௝ሻ contained in the intersection ofܫ
others ሺߛ௝, ,ଵߦ௝ሻ. Let ሺܫ ଵܲሻ, ሺߦଶ, ଶܲሻ,ڮ , ሺߦ௛, ௛ܲሻ be 
distinct prime ideals in the set 
,ଵߛሺ݀ܽݎ} ,ଵሻܫ ,ଶߛሺ݀ܽݎ ڮ,ଶሻܫ , ,௞ߛሺ݀ܽݎ ௜ߛ௞ሻ}. Let ሺܫ

ᇱ,  ௜Ԣሻܫ
where 1 i h   be the intersection of all the 
ሺߛ௜, ,௜ߦ௜ሻ that belong to the soft prime ideal ሺܫ ௜ܲሻ. 
Each ሺߛ௜

ᇱ, ,௜ߦ௜Ԣሻ is soft primary for ሺܫ ௜ܲሻ. Clearly no 
ሺߛ௜

ᇱ,  ௜Ԣሻ contains the intersection of all soft primaryܫ
ideals, therefore 
ሺߛ, ሻܫ ൌڑ௜ୀଵ

௞ ሺߛ௜, ௜ሻܫ ൌڑ௜ୀଵ
௛ ሺߛ௜

ᇱ, ௜ܫ
ᇱሻ. Hence ሺߛ, Iሻ 

has a reduced primary decomposition of soft rings. 

4. Primary decomposition of Soft modules 

Recall that a module ܯ is said to be Noetherian 
(resp. artinan) if every ascending chain (resp. 
descending chain) of sub modules of ܯ is 
stationary. A proper sub module ܥ of a ܴ-module 
ݎ is said to be a primary sub module if ܯ א ܴ, ܾ ב
ܾݎ and ܯ א ܯ௡ݎ this gives ,ܥ א  for some ܥ
positive integer ݊. 
 
Definition 4.1. A soft set ሺܩ, ሻ over a Rܤ  module 

M  is called a soft module if each  G b  is a sub 

module of ,M  for all ܾ א ,ܩሺ݌݌ݑܵ  ሻ (see Sun etܤ

al., 2008 Definition 10). 
In this section we introduce the algebraic notions 

in soft sense, such as soft Noetherian module, soft 
primary module and primary decomposition of soft 
modules. Throughout this section all rings are 
commutative with identity and all modules are 
unitary. 
 

Definition 4.2. Let  ,G B  be a soft module over 

an R -module M . It is said to be soft Noetherian 
module, if the following conditions are equivalent, 
1. Every ascending chain of soft sub modules is 
stationary, that is, 

a) The set of subsets of iB  of a given set B  are 

ordered by inclusion, 

1 2 3B B B    such that ,n NB B  for 

.n N  
ܾሻ	ሺܩଵ, ଵሻܤ ك ሺܩଶ, ଶሻܤ ك ሺܩଷ, ଷሻܤ ك  there exist ,ڮ
a positive integer n  such that 

   , ,n n N NG B G B , for n N  and chain takes 

form ሺܩଵ, ଵሻܤ ك ሺܩଶ, ଶሻܤ ك ሺܩଷ, ଷሻܤ ك ڮ ك ሺܩ௡,  .௡ሻܤ
2. Every non-empty set of soft sub modules of 

 ,G B  is contained in soft maximal sub module. 

 

Definition 4.3. A soft module  ,F A  satisfies the 

maximal condition (resp. minimum condition) on 
soft sub modules if every non-empty set of soft sub 

modules of  ,F A  contains a maximal (resp. 

minimal) element (with respect to set theoretic 
inclusion). 
 

Definition 4.4. Let  ,F A  be a soft ring over a 

ring R  and  ,G B  be a soft module over an R -

module .M  If  , I  is a soft prime ideal of 

 ,F A ,  

ሺߛ, ሻܫ ٖ ሺܩ, ሻܤ ൌ ሼߛሺܽሻܩሺܾሻ: ܽ א ,ߛሺ݌݌ݑܵ ,ሻܫ ܾ א
,ܩሺ݌݌ݑܵ ,ܩሻሽ is a soft submodule of ሺܤ   .ሻܤ
 
Example 4.5. For ܴ ൌ ܯ ൌ Ժ, ܣ ൌ ܤ ൌ Գ and 
ܫ ൌ 2Գ, let us consider the set value function 

 :F A P R  given by ܨሺݔሻ ൌ ሼݔԺ: ݔ א  .ሽܣ

Then ሺܨ, ሻ is a soft ring over Rܣ . Also, consider 

an R -module M  and  :G B P M  given by 

ሺܾሻܩ ൌ ܾ for all ,ܯ א ,ܩTake ሺ .ܤ  ሻ as a softܤ
module over an ܴ-module ܯ. Now again consider 

 : I P R   given by ߛሺݔሻ ൌ 3xԺ. Then ሺߛ,  ሻܫ

is a soft ideal of ሺܨ, ,ߛሻ. As ሺܣ ,ܩሻۨሺܫ ሻܤ ൌ Ժݔ3 ڄ

Ժ ൌ Ժ, forݔ3  ,x Supp I  is a soft sub module 

of ሺܩ,  .ሻܤ
 
Theorem 4.6. A soft module ሺܩ,  ሻ satisfies theܤ
ascending (resp. descending) chain condition on 
soft sub modules if and only if ሺܩ,  ሻ satisfies theܤ
maximal (resp. minimal) condition on soft sub 
modules. 
 
Proof: Suppose ሺܩ,  ሻ satisfies the minimalܤ
condition on soft sub modules and 
ሺܩଵ, ଵሻܤ ෥ـ ሺܩଶ, ଶሻܤ ෥ـ ሺܩଷ, ଷሻܤ ෥ـ  ڮ
is a chain of soft sub modules. Then the set 
ሼሺܩ௜, ݅|௜ሻܤ ൒ 1ሽ has a minimal element, say 
ሺܩ௡, ݅ ௡ሻ. Consequently, forܤ ൒ ݊ we have 
ሺܩ௡, ௡ሻܤ ෥ـ ሺܩ௜,  ௜ሻ by hypothesis andܤ
ሺܩ௡, ௡ሻܤ ෥ك ሺܩ௜,  ௜ሻ by minimality. Henceܤ
ሺܩ௡, ௡ሻܤ ൌ ሺܩ௜, ݅ ௜ሻ for eachܤ ൒ ݊, therefore, ሺܨ,  ሻܣ
satisfies the descending chain condition. 
Conversely, suppose ሺܩ,  ሻ satisfies the descendingܤ
chain condition and ܵ is a non-empty set of soft sub 
modules of ሺܩ,  ሻ, and a soft sub moduleܤ
ሺܩ଴, ଴ሻܤ א ܵ. If ܵ has no minimal element, then for 
each soft sub module ሺܩ,  ሻ in ܵ there exists atܤ
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least one soft submodule ሺܩᇱ,  ᇱሻ in ܵ such thatܤ
ሺܩ, ሻܤ ෥ل ሺܩᇱ, ,ܩᇱሻ. For each ሺܤ  ሻ in ܵ, choose oneܤ
such ሺܩᇱ,  ᇱሻ. This choice then defines a functionܤ

:f S S  by .B B


  There is a 

function:	ܰ ื ܵ such that ߮ሺ0ሻ ൌ ሺܩ଴,  ଴ሻ andܤ
߮ሺ݊ ൅ 1ሻ ൌ ݂ሺ߮ሺ݊ሻሻ ൌ ߮ሺ݊ሻ. Thus if ሺܩ௡, ௡ሻܤ א ܵ 
denotes ߮ሺ݊ሻ then there is a sequence 
ሺܩ଴, ଴ሻܤ ෥ـ ሺܩଵ, ଵሻܤ ෥ـ ሺܩଶ, ଶሻܤ ෥ـ ሺܩଷ, ଷሻܤ ෥ـ  .ڮ
This contradicts the descending chain condition. 
Therefore, ܵ must have a minimal element. Hence 
ሺܩ,  ሻ satisfies minimum condition. The proof forܤ
ascending chain condition and maximum conditions 
is analogous. 
 
Definition 4.7. Let ሺܨ,  ሻ be a soft ring over a ringܣ
ܴ and ሺܩ,  ܯ ሻ be a soft module over an ܴ-moduleܤ
A non-null soft subset of ሺܪ,  ሻ of soft moduleܥ
ሺܩ,  ሻ is said to be soft primary submodule, if itܤ
satisfies the following conditions; 
ܽሻ	ܥ ك  ܤ
ܾሻ	ܪሺܿሻ is submodule of ܩሺܿሻ for all ܿ א
,ܪሺ݌݌ݑܵ   .ሻܥ
ܿሻ	ܨሺܽሻ א ሺܨ, ሺܾሻܩሺܽሻ௡ܨ ሻ such thatܣ א ሺܪ,  ሻ forܥ
all ܩሺܾሻ א ሺܩ, ݊ ሻ andܤ א Գ. 
 

Theorem 4.8. Let  ,F A  be a soft ring over a ring 

R  and ሺܩ,  ሻ be a soft module over an ܴ-moduleܤ
,ܪThen ሺ .ܯ  ሻ be a soft primary sub module ofܥ
 ,G B  such that, ሺߦ, ܳሻ ൌ ሼܨሺܽሻ א ሺܨ, :ሻܣ ,ܩሺܽሻሺܨ ሻܤ ك

ሺܪ, ,ܨሻሽ is soft primary ideal in ሺܥ  ሻܣ
 
Proof: Let ܨሺaଵሻܨሺܽଶሻ א ሺߦ, ܳሻ and ܨሺܽଶሻ ב
ሺߦ, ܳሻ. Then ܨሺܽଶሻሺܩ, ሻܤ ב ሺܪ, ܾ ሻ for allܥ א
,ܩሺ݌݌ݑܵ ሺܾሻܩ ሻ. Consequently, there existܤ א
ሺܩ, ሺܾሻܩሺܽଶሻܨ ,ሻܤ ב ሺܪ, ሺܾሻ൯ܩሺܽଶሻܨሺܽଵሻ൫ܨ ሻ butܥ א
ሺܪ, ,ܪሻ. Since ሺܥ  ሻ is a soft primary submoduleܥ
,ܩሺܽଵሻሺܨ ሻܤ ك ሺܪ, ሺܽଵሻ௡ܨ ,ሻ for some ݊, that isܥ א
ሺߦ, ܳሻ. Therefore, ሺߦ, ܳሻ is soft primary. 
 
Example 4.9. For R M  Ժ, A B  Գ and 
ܥ ൌ 3Գ, let us consider the set value function 

 :F A P R  given by ܨሺݔሻ ൌ ሼݔԺ: ݔ א  .ሽܣ

Then ሺܨ,  ሻ is a soft ring over ܴ. Also consider aܣ

ܴ-module ܯ and  :G B P M  given by 

ሺܾሻܩ ൌ ܾ for all ܯ א ,ܩThen ሺ .ܤ  ሻ is a softܤ
module over a ܴ-module ܯ. Now again consider 

ܥ ك and  ܤ :H C P M  given by ܪሺ݉ሻ ൌ

2݉Ժ is soft submodule of ሺܩ,  ሻ. It is observe thatܤ
ሺߦ, ܳሻ ൌ ሼܨሺ2ሻ, ڮ,ሺ4ሻܨ , :ሺ2݊ሻܨ ݊ א Գሽ is a soft 
primary submodule of ሺܩ,  .ሻܤ
 
Definition 4.10. Let ሺܨ,  ሻ be a soft ring over aܣ
ring ܴ and ሺܩ, ሻ be a soft module over an Rܤ -

module .M  A soft primary submodule ሺܪ,  ሻ of aܥ
soft module ሺܩ, ,ߪሻ, is said to be a ሺܤ ܲሻ-soft 
primary submodule of ሺܩ,  ሻ ifܤ
ሺߪ, ܲሻ ൌ ,ߦሺ݀ܽݎ ܳሻ ൌ ሼܨሺܽሻ א
ሺܨ, :ሻܣ ,ܩሺܽሻ௡ሺܨ ሻܤ ك ሺܪ, ݊	ݎ݋݂	ሻܥ ൒ 0ሽ, where 
ሺߦ, ܳሻ ൌ ሼ	ܨሺܽሻ א ሺܨ, ,ܩሺܽሻሺܨ	:ሻܣ ሻܤ ك ሺܪ,  ሻሽ isܥ
soft primary ideal in ሺܨ,  .ሻܣ
 
Definition 4.11. Let ሺܨ,  ሻ be soft ring over a ringܣ
ܴ and ሺܩ,  ܯ ሻ be soft module over an ܴ-moduleܤ
A soft submodule ሺܪ, ,ܩሻ of ሺܥ  ሻ has a primaryܤ
decomposition if ሺܪ, ሻܥ ൌڑ௜ୀଵ

௡ ሺܪ௜,  ௜ሻ with eachܥ
ሺܪ௜, ,௜ߪ௜ሻ is a ሺܥ ௜ܲሻ-soft primary submodule of 
ሺܩ, ,ሻ, where ሺσ௜ܤ ௜ܲሻ is a soft prime ideal of ሺܨ,  .ሻܣ
 
Definition 4.12. Let ሺܨ,  ሻ be soft ring over a ringܣ
ܴ and ሺܩ,  .ܯ ሻ be soft module over an ܴ-moduleܤ
A soft sub module ሺܪ, ሻܥ ൌڑ௜ୀଵ

௡ ሺܪ௜, ,ܩ௜ሻ of ሺܥ  ሻܤ
has a primary decomposition with no ሺܪ, ሻܥ ك
௝ୀଵڑ
௡ ൫ܪ௝, ௝൯ for iܥ j  and the soft prime ideals 

ሺߦ௜, ௜ܲሻ are all distinct. Then the soft primary 
decomposition is said to be reduced primary 
decomposition. 
 
Theorem 4.13. Let ሺܨ,  ሻ be a soft ring over a ringܣ
ܴ and ሺܩ,  .ܯ ሻ be a soft module over an ܴ-moduleܤ
If a soft submodule ሺܪ, ,ܩሻ of ሺܥ  ሻ has a primaryܤ
decomposition, then ሺܪ,  ሻ has a reduced primaryܥ
decomposition. 
 
Proof: Obvious 
 
Theorem 4.14. Let ሺܨ,  ሻ  be a soft ring over a ringܣ
ܴ and ሺܩ,  ܯ ሻ be a soft module over an ܴ-moduleܤ
satisfying ascending chain condition on soft sub 
modules. Every soft sub module ሺܪ, ,ܩሻ of ሺܥ  ሻܤ
has a reduced soft primary decomposition. 
 
Proof: Let ܵ be the set of all soft sub modules of 
ሺܩ,  .ሻ that do not have a primary decompositionܤ
Clearly, there is no soft primary sub module in .S  
We show S  is in fact empty. Suppose on the 
contrary that S  is nonempty, then S  contains a 
soft maximal element say ሺܪ, ,ܪሻ. Since ሺܥ  ሻ isܥ
not soft primary, there exist ܨሺܽሻ א ሺܨ,  ሻ andܣ
ሺܾሻܩ א ሺܩ, ,ܪሻ\ሺܤ ሺܾሻܩሺܽሻܨ ሻ such thatܥ א ሺܪ,  ሻܥ
but ܨሺܽሻ௡ܩሺܾሻ ב ሺܪ, ݊ ሻ for allܥ ൐ 0. Consider 
ሺܩ௡, ௡ሻܤ ൌ ሼܩሺܾሻ א ሺܩ, :ሻܤ ሺܾሻܩሺܽሻ௡ܨ א ሺܪ,  .ሻሽܥ
Then each ሺܩ௡, ,ܩ௡ሻ is soft sub module of ሺܤ  ሻ andܤ
the chain by inclusion is ሺܩଵ, ଵሻܤ ك ሺܩଶ, ଶሻܤ ك
ሺܩଷ, ଷሻܤ ك By hypothesis there exists 0k .ڮ   
such that ሺܩ௜, ௜ሻܤ א ሺܩ௞, ݅	ݎ݋݂	௞ሻܤ ൒ ݇. Let 
ሺܭ, ሻܦ ൌ ሼܩሺܾሻ: ሺܾሻܩ ൌ ሺܾᇱሻܩሺܽሻ௞ܨ ൅  ሺܿሻሽ beܪ
soft sub module of ሺܩ, ,ܪሻ Clearly, ሺܤ ሻܥ ك
ሺܩ௞, ௞ሻܤ ڑ ሺܭ, ሺܾሻܩ ሻ. To show equilty, ifܦ א
ሺܩ௞, ௞ሻܤ ڑ ሺܭ, ሺܾሻܩ ሻ, thenܦ ൌ ሺܾԢሻܩ ൅   ሺ݀ሻ andܭ
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ሺܾሻܩሺܽሻ௞ܨ ൌ ሺܾԢሻܩሺܽሻ௞ܨ ൅ ሺ݀ሻܭሺܽሻ௞ܨ א ሺܪ,  .ሻܥ
Therefore, ሺܪ, ሻܥ ൌ ሺܩ௞, ௞ሻܤ ڑ ሺܭ,  ሻ. Now byܦ
maximality of ሺܪ, ,௞ܩሻ in ܵ, ሺܥ ,ܭ௞ሻ and ሺܤ  ሻܦ
must have primary decomposition. Thus S  is 
empty and every soft sub module has a primary 
decomposition. 
 
Lemma 4.15. Let ሺܨ,  ሻ be a soft ring over a ringܣ
R  and ሺܩ, ሻ be a soft module over an Rܤ -module 

.M  Let ሺߛ, ,ܨሻ be a soft prime ideal of ሺܫ  ሻ andܣ
ሺܪ, ,ߛሻ is ሺܥ  ሻ-soft primary sub module of softܫ
Noetherian module ሺܩ,  ሻ, then there exist aܤ
smallest integer m  such that 
ሺߛ, ሻ௠ܫ ٖ ሺܩ, ሻܤ ؿ ሺܪ,   .ሻܥ
 
Proof: Recall that there exist primary ideal ሺߪ, ܳሻ 
such that ݀ܽݎሺߪ, ܳሻ ൌ ሺߛ,  ሻ, for some soft primaryܫ
sub module ሺܪ, ሺܽሻߛ ሻ Supposeܥ א ሺߛ,  ሻ such thatܫ
ሺܾሻܩሺܽሻ௡೔ߛ א ሺܪ, ܾ ሻ, for allܥ א ,ܩሺ݌݌ݑܵ  ሻ andܤ
݊௜ ൒ 1. Take ݉ ൌ ,ሺ݊ଵ	ݔܽ݉ ݊ଶ,ڮ , ݊௜ሻ, hence for 
all ܽ א ,ߛሺ݌݌ݑܵ ሺܾሻܩሺܽሻ௠ߛ ሻ we getܫ א ሺܪ,  ,ሻܥ
where ܾ א ,ܩሺ݌݌ݑܵ ,ߛሻ. Thus ሺܤ ሻ௠ܫ ٖ ሺܩ, ሻܤ ؿ
ሺܪ,  .ሻܥ

Now we present the Krull intersection theorem in 
soft sense. 
 
Theorem 4.16. Let ሺܨ,  ሻ be a soft ring over a ringܣ
R , ሺߛ, ,ܨሻ be a soft ideal of ሺܫ ,ܩሻ and ሺܣ  ሻ be aܤ
soft module over an ܴ-module ܯ If ሺܪ, ሻܥ ൌ
௡ୀଵڑ
ஶ ሺߛ, ሻ௡ܫ ٖ ሺܩ, ,ߛሻ, then ሺܤ ሻܫ ٖ ሺܪ, ሻܥ ൌ

ሺܪ,  .ሻܥ
 
Proof: Let us assume that ሺߛ, ሻܫ ٖ ሺܪ, ሻܥ ൌ
ሺܩ, ,ܪሻ. Since we know that ሺܤ  ሻ is a soft subܥ
module, therefore ሺߛ, ሻܫ ٖ ሺܪ, ሻܥ ك ሺܪ,  ሻ. Thisܥ
implies ሺܩ, ሻܤ ك ሺܪ, ,ܪሻ and hence, ሺܥ ሻܥ ൌ
ሺܩ,  .ሻܤ

If we take ሺߛ, ሻܫ ٖ ሺܪ, ሻܥ ് ሺܩ,  ሻ, then byܤ
(lemma 4.15) ሺߛ, ሻܫ ٖ ሺܪ,  ሻ has a soft primaryܥ
decomposition, that is, ሺߛ, ,ܪሻۨ⋂ሺܫ ሻܥ ൌ
௜ୀଵڑ
௡ ሺܪ௜, ,௜ܪ௜ሻ, where each ሺܥ ,௜ߪ௜ሻ is ሺܥ ௜ܲሻ soft 

primary sub module and ሺߪ௜, ୧ܲሻ is soft prime ideal 
of ሺܨ, ,ܪሻ. Since ሺܣ  ,ሻ is a soft submoduleܥ
therefore ሺߛ, ሻܫ ٖ ሺܪ, ሻܥ ك ሺܪ,  ሻ. Now we showܥ
the converse inclusion. If ሺߛ, ሻܫ ؿ ሺߪ௜, ௜ܲሻ for some 
fixed ݅, then by (lemma 4.15) there is an integer m  
such that, ሺσ୧, P୧ሻ୫ ٖ ሺG, Bሻ ؿ ሺH୧, C୧ሻ. Hence, 
ሺH, Cሻ ൌڑ୬ୀଵ

ஶ ሺγ, Iሻ୬ ٖ ሺG, Bሻ ؿ ሺγ, Iሻ୫ ٖ ሺG, Bሻ ؿ
ሺξ୧, P୧ሻ୫ ٖ ሺG, Bሻ ؿ ሺH୧, C୧ሻ. 

Since    , ,i iH C H C , therefore there exists 

 ,c Supp H C  and  ,a Supp I  such that 

γሺaሻHሺcሻ א ሺγ, Iሻ ٖ ሺH, Cሻ ؿ ሺH୧, C୧ሻ, where  ,i iH C  

is soft primary sub module and γሺaሻሺG, Bሻ ؿ ሺH୧, C୧ሻ 
for some n ൐ 0. Thus ሺH, Cሻ ؿ ሺγ, Iሻ ٖ ሺH, Cሻ.  

5. Conclusion 

This paper describes a detailed study of the primary 
decomposition in soft rings and modules. We 
analyzed the algebraic structure of soft Noetherian 
rings and soft Noetherian modules. This work is 
focused, proving a form of Krull intersection 
theorem in soft rings and modules. To extend this 
work, one can study the algebraic properties of soft 
Noetherian rings and soft Laskerian rings. 
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