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Abstract

In this paper we obtain the expression of the solutions of the following recursive sequences

Xn—2Xn—3Xn—4

Xn+1 =

’
XnXn-1 (il + xn—zxn—3xn—4)

n=201,...,

where the initial conditions are arbitrary real numbers. Also, we study the behavior of the solution of these

equations.
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1. Introduction

In this paper, the form of the solutions of the
following recursive sequences is obtained

Xn—2Xn-3Xn—4
Xnxn-1(F1EXn—2Xn-3%n-1)

Xpy1 = ,n=01,.., (1
where the initial conditions are arbitrary real
numbers. Also, we study the behavior of the
solution of these equations.

Difference equations appear naturally as discrete
analogues and as numerical solutions of differential
and delay differential equations having applications
in biology, ecology, physics, etc. (Elabbasy,
Elsadany et al. 2007; Kocic and Ladas, 1993). The
study of nonlinear difference equations is of
paramount importance not only in their own right
but in understanding the behavior of their
differential counterparts. Also, difference equations
are appropriate models for describing situations
where population growth is not continuous but
seasonal with overlapping generations.

El-Metwally et al., 2003, investigated the
asymptotic behavior of the population model:

— -X
Xny1 = & + ﬁxn—le T,
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where « is the immigration rate and g is the
population growth rate.

Grove, et a. (2000); studied the stahility and the
semicycles of solutions of the biological

Xp41 = Xy + bx,_je7*n,

The generalized Beverton-Holt stock recruitment
model was investigated by (Beverton and Holt,
1957; DeVault et a. 1998):x,., = ax, +

bxn—1

See also (Elettreby and El-Metwally, 2007; El-
Metwally, 2007; El-Metwally and El-Afifi, 2008;
Kulenovic and Ladas, 2001; Ladas, 1989; Mackey
and Glass, 1977; Mickens, 1987).

There has been a great deal of work concerning
the global asymptotic behavior of solutions of
rational difference equations (Alogeili, 2006;
Atalay et a., 2005; Elabbasy et a., 2011; Elabbasy
et a., 2012; Elsayed, 2011, Elsayed, 2012; Elsayed,
2013; Elsayed, 2014; Wang et a, 2009; Zayed and
El-Moneam, 2005; Zayed and El-Moneam, 2011).
In particular, (Elabbasy et a., 2006; Elabbasy et al.,
2007) investigated the global stability, periodicity
character of the solution for the following recursive
sequences

bx,

X =aXy ————
n+1 n cx, — dxn—1,
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_ AXn—k
B+ VH{‘:O Xn—i

Agarwal and Elsayed (2008) investigated the
global stability, periodicity character and gave the
solution of some special cases of the difference
equation

Xn+1

x =a+ dxn—lxn—k
n+1 b _ an_s .

Alogeili (2006) has obtained the solutions of the
difference equation

Xn-1

x 1 = - .
m a— XnXn-1

Cinar (2004) investigated the solutions of the
following difference equation
AXn-1

Xpyp = ————.
T 4 bxpx,_g

Karatas et a. (2006) obtained the form of the
solution of the difference equation

Xn-s5

X =
e 1+ Xn-2Xn-5

Yaginkaya and Cinar (2009) studied the
dynamics of the difference equation
AXn—k
b+ cxkt

Xn+1 =

Other related results on rationa difference
equations can be found in (Elsayed and El-
Metwally, 2013; Hamza and Barbary, 2008; Rafiq,
2006; Saleh and Abu-Baha, 2006; Touafek and
Elsayed, 2012(a,b); Wang and Wang, 2009; Zayed
and El-Moneam, 2012(a,b); Zayed and EI-Moneam,
2013).

Here, we recall some notations and results which
will be useful in our investigation.

Let I be an interval of real numbers and let

filFt >,

be a continuously differentiable function. Then for
every set of initia conditionsx_y, X_y41,..., %o € I,
the difference equation

Xpe1 = fOon Xp1, s Xn_i), n=0,1,..., Q)
has a unique solution {x,, },- _x.
Definition 1. (Equilibrium Point)

A point x € I is caled an equilibrium point of
Eq.(2) if

X=f&EX,...,%).
n=

That is, x, = x forn = 0, isasolution of Eq.(2),

or equivalently, x isafixed point of f.

Definition 2. (Stability)

(i) The equilibrium point x of Eq.(2) is localy
stable if for every € > 0, thereexistsé >0 such
that for all x_y, x_p41,---,%_1, %o € I With

X = %]+ |2y — X[+
+|x0 _El < 6,

we have
[x, —x|<e forall n=-k.

(i) The equilibrium point x of Eq.(2) is localy
asymptotically stable if x is localy stable solution
of Eq.(2) and there exists y > 0, such that for all
X—por X—fg1r - X1, X9 € I With

1X_k = %] + [xojesn = %] + -

+|x0 - El < Y,
we have
lim x,, = x.
n—-oo

(iii) The equilibrium point x of Eq.(2) is global
attractor if for al x_p,x_giq1,---,X_1, %9 €1, We
have

limx, = x.

n—-oo
(iv) The equilibrium point x of Eq.(2) is globally
asymptoticaly stable if x islocally stable, and x is
also aglobal attractor of Eq.(2).
(v) The equilibrium point x of Eq.(2) is unstable if
x isnot locally stable.

The linearized equation of EQ.(2) about the

equilibrium x isthe linear difference equation

k

f @ %,..., %)
Yni1 = Z ————Yn-i:

0x,,_;
i=0 n-t

Theorem A (Grove and Ladas, 2005): Assume that
pi€ER,i=12,... kandk €{0,1,2,...}. Then

k
>l <1,
i=1

is a sufficient condition for the asymptotic stability
of the difference equation

Xn+k T P1Xn4k—1 + 0+ DX = 0,
n=201,...

Definition 3. (Periodicity)
A seguence {x,}n-_iiS said to be periodic with
period p if x,,, = x,, foraln > —k.
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2. On the Difference Equation x,,q= ( bed )
Xn—2Xn-3Xn—4 _ 1+(n—-1)bcd
Xan_1(1+Xn_2Xn_3Xn_4) -
cdem l-[n_l( 1+ibcd ) 1 +( bcd )

In this section we give a specific form of the b(1+cde) 1= \1+(i+1)cde 1+(n-1)bcd

solution of the first difference equation in the form bd
_ Xn—2Xn—3Xn—4 = dem n-1 1+ibcd _

Y1 = xnxn_11(11+xz_2x2_3xn_4)’ (3) b (1+cde) * 11=1 (1+(i+1)cde) (1 + (n 1)de + de)

where the initial values are arbitrary non zero real
numbers.

Theorem 1. Suppose that {x,,}m=_, iS asolution of
Eq.(3). Then for

_ bt 1 /1 + icde
Yoot = Tom D(Hibcd)‘
@™t 77 /1 + ibed
dr 1_[ (1 + iabc)'

i=1
c(de)t? -
(ab)™*1(1 + cde) L] (

n=01,...x3, =

_ 1+ iabc )
X3n41 = 1+ (i+ 1)cde/’

wherex_, =e, x_3=d, x_, =c¢, x_.1 =b, xo = a.

Proof: For n =0 the result holds. Now suppose
that n > 0 and that our assumption holds for n — 1.
Thatis;

n-2
_at 1—[(1+ibcd)
Yan-s T gn2 L_1I\1 +iabc ’
i=
n-2
3 c(de)* ! < 1+ iabc )
Xan=5 = (ab)n=1(1 + cde) | LT+ @+ 1ede)’
i=
_ b™ ﬁ<1+icde>
Yan-a = na L 1\1 + ibcd/’
_a ﬁ(1+ibcd>
Yan-3 T gne1 - 1+ iabc)’
i=
_ c(de)” n_1< 1+ iabc )
2 = (abyr (1 + cde) L I\T+ T+ Dede)’
i=

Now, it follows from Eq.(3) that

X3n—4X3n-5X3n-6

X3p-1 =
X3n-2X3n-3(1 + X3n_4X37_5X37-6)
b n—1 (1+L‘cde) c(de)?1
en-1 1=1 \1+ibcd/ (ab)"~1(1+cde)

n—z( 1+iabc ) avl o (1+ibcd)
1=1 \1+(i+1)cde/ an-2 1=1 \1+iabc

1+iabc
14+(i+1)cde

an n—1 (1+ibcd c(de)n n-1

an-1 i=1 (1+iabc) (ab)™(1+cde) i=1 (

1 pn n—1 [1+icde c(de)n—1
+ en—1 i=1 (1+ibcd) (ab)"1(1+cde)
n—z( 1+iabc ) an—1 n—2 (1+ibcd)
i=1 \1+(i+1)cde/ dan—2 i=1 \1+iabc

)

b™(1 + cde)bd Hinz_ll (%)

de™(1+ (n = Dbcd + bed)
) —1 (1+(i+1)cde
_ b™1(1 + cde) [T (m)
e (1 + nbcd)

Hence, we have
pn+t ﬁ (1 + icde)
en 1+ ibcd/)’

i=1

X3p-1 =

Similarly
_ X3n-3X3n-4X3n-5

X3n-1X3n-2(1 + X3n_3X3n_4X37_5)

a™ n-1 (1+ibcd) p"

dan-1 1=1 \1+iabc/ en-1

n_1(1+icde) c(de)? 1 n—2( 1+iabc )
1=1 \1+4ibcd/ (ab)"~1(1+cde) * =1 \1+(i+1)cde

X3n

pnti n (1+icde) c(de)™ n—1( 1+iabc )
en =1 \1+ibcd/ (ab)n(1+cde) * =1 \1+(i+1)cde
1+ an n—-1 (1+ibcd) b™
dn—1 =1 \1+iabc/ en-1
n-1 (1+icde) c(de)n—1 n—Z( 1+iabc )
1=1 \1+ibecd/ (ab)"~1(1+cde) " 1=1 \1+(i+1)cde
( abc )
_ 1+(n-1)abc
bcd™ ( 1 ) n—-1 . abc
— iz \—/—— =41 + iabc 1+4(—————
a® =1 \14ipcd Hl—l( ) 1+(n—1)abc
aa™

1

dar I, (1+ibcd) [T51(1 + iabc) (1 + (n — 1)abc + abc)
a™ L, (1 + ibcd)
d" [TR-1(1 + iabc) (1 + nabe)”

Hence, we have
antt n

_ 1—[ (1 + ibcd)
Yan = Tgm 1+ iabc/

i=1

Also, from Eq. (3) we see that

X3n—-2X3n-3X3n-4

X3nX3n-1(1 + X3n_2X30-3%X30-4)

X3n+1 =
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c(de)™ n—1( 1+iabc ) a™

(ab)*(1+cde) =1 \1+(i+1)cde/ an—1
n—-1 (1+ibcd) b™ n—1 (1+icde)
1=1 \1+iabc/) en-1 1=1 \1+ibcd
antt (1+ibcd)b”+1 n (1+icde)
an =1 \1+iabc/ en =1 \1+ibcd
1+ c(de)™ n—1( 1+iabc )
(ab)*(1+cde) =1 \14(i+1)cde

an n-1 (1+ibcd) b™ n-1 (1+icde)

dn-1 1=1 \1+iabc/ en-1 1=1 \1+ibcd

(de)™ (cd_e)

1+ncde

1+icde cde
(ab)n+1 Hin=1 (1+iabc) (1 + (1+ncde))
c(de)™*? & (1 + iabC)
(ab)™*1(1 4+ ncde + cde) 1 ] 1+ icde
i=

n

_ c(de)™*! <1 + iabc)
 (ab)"1(1 4 (n + 1)cde) | ] 1+ icde
i=

Hence, we have

_ cldemt T (e )
X3n41 = (ab)"*1(1 + cde) 1 ) 1+ @+ Dede)
i=

Thus, the proof is completed.
Theorem 2. Eq.(3) has a unique equilibrium point
which is the number zero and this equilibrium point

isnot locally asymptotically stable.

Proof: For the equilibrium points of Eq.(3), we can
write

_ x°
x_7%1+f}
Then we have
*(1+%) = %,
©(1+x°-1) = 0,
or
¥ =0.

Thus the equilibrium point of Eq.(3) isx = 0.
Let f:(0,)°> — (0, 0) be afunction defined by

. _ wtp
f(u, v, w, 'p) - uv(l + th)
Therefore it follows that
wtp
) ) ) tl = _—I
fulw,v,w, t,p) u2v(1 + wtp)
wtp
y Uy W, t: =TT oA
fo@v,w,t,p) uv2(1 + wtp)
tp
fw(ul v’ W; t, p) =

uv(1 + wtp)?’

wp

uv(1 + wtp)?’
tw

uv(1 + wtp)?’

ft(u' v,w, t' p) =
fp(u' vw,t, P) =

we see that

fLELLEE) = 1.

The proof follows by using Theorem A.

Numerical examples

For confirming the results of this section, we
consider numerical examples which represent
different types of solutionsto Eq. (3).

Example 1. We assume x_, = 5,x_3; = 13,x_, =
7, x_1 =3, xo =9. SeeFig. 1.

plot of x(r+1)= (M(-2)M(-3)M-4)(MM(-1)*(1-+M(-2)M(-3M(-4))

0 10 20 30 40 50 60 70 80
n

Fig. 1. This Figure shows the solution of the difference
equation (3), with initial conditions x_, =5,x_3 =
13,x_2 = 7, X_1 = 3, Xg = 9

Example 2. See Fig. 2, since x_, = 11,x_5; = 0.3,
x_z = 9, x_1 = 08, xO = 2.
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plot of x(n+1)= (M(F2)M(-3)M(1-4)) (M(DM(1-1)*(1+M(I-2)M(I-3)M(-4)))

)
D

»

N

10 20 30 40 50 0 70 80
Fig. 2. This Figure shows the solutio of Eq.(3) when
x_4=11,x_3=03, x_, =9, x_.; =08, xy =2

3. On the Difference Equation x,.1=
Xpn—2Xn-3Xn—4

XpXn-1(—1+Xp—2Xpn-3Xn-4)

In this section we obtain the solution of the second
difference equation in the form

Xn-2Xn-3Xn—4 (4)
XnXn—1(~14+Xn_2Xn_3Xn_4)’

Xn41 =

where the initial values are arbitrary non zero real
numbers  with  xex_1x_; =1, x_1X_,x_5 #
1L,x_yx_3x_4 # 1.

Theorem 3. Let {x,}n-_, be a solution of Eq.(4).
Thenforn = 0,1, ...

c(de)*(—=1+ abc)™
Xon-2 = Tapyen(—1 + cde)r’
_ b (=1+cde)”
Yon-1 = "gan(Z1 1 bed)r
a?™*1(=1 + bed)"

Xon = "gan(—1 + abo)n
c(de)™1(—1 + abc)™
Ton+1 = (ab)2n (=1 + cde)™
b2n+2(_1 + Cde)n+1
Xen+t2 = e2n1(—1 + bed)n+1’
a2n+2(_1 + de)n+1

Xen+3 = d2n+1(_1 + abc)"“'

wherex_, =e, x_3=d, x_,=c, x_1=b, xy =a.

Proof: For n =0 the result holds. Now suppose
that n > 0 and that our assumption holds for n — 1.
That is;

B c(de)?™2(—=1+ abc)™?!

Xen—8 = "(ap)2n-2(—1 + cde)n 1"
b#1(—1+ cde)™ !
Yon-7 = gan-2(Z1 + bed)n "’

a* (=1 + bed)™ !
Xon-6 = Gan-2(_1 + abc)n-v
_ c(de)’ (=1 +abc)"
Xon=5 = T (ap)2n-1(—1 + cde)
b?"(—1 + cde)"
Yen-4 = 0on-1(21 + bed)™
a’™®(—1 + bcd)"
Yon-3 = gan=1(_1 + abo)™

Now, it follows from Eq.(4) that

Xen-5Xen—-6Xen—7

Xen-2 = Xen—3Xen—4(~1+X6n-sXen—6X6n—7)
c(de)®™ 1 (~1+abc) 1 a?""1(~1+bcd)* 1
(ab)?"~1(-1+cde)® d2"2(-1+abc)?"1
b2 (~14cde) !
a?(—1+bcd)"® b2 (-1+cde)™
(dzn‘l(—1+abc)" ezn‘l(—1+bcd)n)
1 c(de)?"~1(-1+abc)n"1
Lt Crreder
a?"=1(=1+bcd)*~1 b2~ 1(—1+cde) "1
a?n=2(-1+abc)""1 e2"=2(-1+bcd)"" 1
cde
(—1+4cde)

(ab)?™(-1+cde)” cde
((ed)Z"—l(—1+abc)n) (_1 + (—1+cde))
3 cde(ed)?™ (=1 + abc)®
~ (ab)?"(=1+ cde)"(—(—1 + cde) + cde)’

Then, we have

_ c(de)®™ (=1 + abc)"
Xon=2 = "0p)2n(—1 + cde)"

Similarly
Xen—aXen—-5X6n—6
Xen-2Xen-3(—1 + Xepn—4X6n-5Xen—s)
b2 (—1+cde)™ c(de)?" " (—1+abc)? 1
e2N=1(—1+bcd)™ (ab)2M~1(-1+cde)n
a?1(—1+bcd)? "1
d2n=2(-1+abc)n-1
(c(de)Zn(—1+abc)n a’N(-1+bcd)" )
(ab)2™(-1+cde)™ d2n—1(-1+abc)n

14 b2N (—1+cde)
e2N=1(—1+bcd)n
c(de)2n—1(—1+abc)"~1a2n~1(—14+bcd)"—1

(ab)2N=1(-1+cde) d2N=2(-1+abc)n~1

Xen—-1 =

bcd
_ (=1+bcad)

T [cd(e)?(—1+bcd)" bcd
( b2n(—1+cde)™ ) (_1 + (—1+bcd))
B b**1(—1 + cde)"
~ e2n(—1+ bed)™(—(—1 + bed) + bed)

Then we obtain

a?™*1(~1 + bed)"

Xen = "o (—1 + abo)n -




1JST (2014) 38A3 (Special issue-Mathematics): 295-303

300

Similarly, we can easily obtain the other relations.
Thus, the proof is completed.

Theorem 4. Eq.(4) has two equilibrium points

which are 0,3/2 and these equilibrium points are
not locally asymptotically stable.

Proof: For the equilibrium points of Eq.(4), we can
write

X = _r
X(-1+%)
Then we see that
(-1+%) =%,
or
x(x°-2)=0.

Thus the equilibrium points of Eq.(4) are 0, V2.
Let f:(0,)°> — (0, ) be afunction defined by

. _ wtp
fv,w,tp) = uv(—1+ wtp)’
Therefore it follows that
wtp
» Yy ltl =T . .V
fulw, v, w,t,p) u2v(—1 + wtp)
wtp
» Yy ltl =
fo(w, v, w, t,p) uv?(—1 + wtp)
ip
) ) ) t) = 5
fu (v, w,,p) uv(—1 + wtp)?
w
y Yy ’t’ =
feCw,v,w,t,p) uv(—1+ wtp)?
( . ) _ tw
folw,v,w,t.p) = uv(—1+ wtp)?’
we see that

The proof follows by using Theorem A.

Theorem 5. The following statements are true:

@ If xg # x_3, X_q F X_4, X_2X_3X_, * 2, then
al the solutions of Eq.(4) are unbounded.

(b) EQ.(4) has a periodic solutions of period six iff
Xo = X_3, X_q1 = X_4, and will be take the form

X_2

)
(14 x_px_3x_4) -
X_l, XO, x_z, X_l, XO, e

x_z,x_l,xO,

(¢) Eq.(4) has a periodic solutions of period three iff
Xo = X_3, X_q = X_4, X_2X_3X_p, =2 and will
taketheform {x_,, x_1, X, X_p, X_1, Xg, .- }-

Proof:

(8) The proof in this case follows directly from the
form of the solution as given in Theorem 3.

(b) First, suppose that there exists a prime period
six solution of Eq.(4) of the form

X_2
)
(=1 +x_px_3x_4)
X1, X0 X—2 X1, Xy e ve

x_z,x_l,xo,

Then we see from the form of solution of Eq.(4)
that

c(de)*(—=1+ abc)™
€= @by (=1 + cde)r’
b?"*1(—1+ cde)™
~ e (—1 + bed)"
_a?™1(=1+ bed)"
=T (=1 + abo)r
c c(de)*™ (=1 + abc)®
(—1+cde) (ab)>™1(—1 + cde)"*t’
3 b2n+2(_1 + Cde)n+1

- eZn+1(_1 + bcd)"“'
a2n+2(_1 + de)n+1

= d2n+1(—1 + abc)ntl’

a

Then
a=d, b=e.
Second, suppose that
Xo =X_3, X_1 = X_g.

Then we see from the solution of Eq.(4) that

c
Xen+1 = 7 ’
Xen-2 =C, Xen-1=Db, Xen=a, (=1 + cde)

Xen+2 = b, Xen+3 = Q,

Thus we have a period six solution and the proof
iscomplete.
(c) The proof in this case follows directly from case

(b).

Numerical examples

Here different types of solutions of Eq. (4) will be
represented

Example 3. We consider x_, =7, x_3 =3,x_, =
9, x_4 =8, x, =2.SeeFig. 3.



301 1JST (2014) 38A3 (Special issue-Mathematics): 295-303
plot of x(n+1)= (M(E2)M(F3)M(-4))/(M()M(-1)*(-1+ME2)M(F3)M(H-4)))
ptt 1—[ (1 - icde)
x —_— = . )
sl sn=1 ™ en | 1\1 —ibcd
i=1
n
a™tt 1—[ <1 - ibcd)
“r x3n = . ]
ar 1 1 —iabc
i=1
g %)

5 10 15 20 25 30
n

Fig. 3. This Figure shows the behavior of the solution of

difference uation x = Xn—2Xn-3%n—4 ’
eq ML T Xno (14 X2 X3 Xns)

Whefex_4 = 7, X_3 = 3,x_2 = 9, X_1= 8, Xg = 2

0 35 40 45 50

Example 4. See Fig. 4, since x_, =3,x_3 =7,
X_p = 6, X_1 = 3, xo =17.

plot of x(r+1)= (M(-2)M(EBMA-4))(MME1)"(1+ME-2)M(-2)M(-4)

x(n)
>

Fig. 4. This Figure shows the periodicity of solution of
Eq. (4), when we take the initial conditions are x_, =
3,.3=7,X_52=6,x_1=3, x9=7

The proofs of the theorems in the following
section are similar to thoes presented in the
previous sections and so will be omitted.

4, On the Difference Equation Xx,,q =
Xn-2Xn-3Xn—4

XnXn—1(1-Xn-2Xn-3Xn—4)

In this section we obtain the solution of the
following difference equation

Xn-2Xn-3Xn—4 (5)

X =
n+1 )
Xnxn-1(1-Xn-2Xn-3%n—4)

where the initial values are arbitrary non zero real
numbers.

Theorem 6. Let {x,}n-_, be a solution of Eq.(5).
Thenforn =0,1, ...

_ c(de)r*? - ( 1 — iabe )
X3n+1 = (ab)"*1(1 — cde) | ) 1—(+ cde/’
i=

Theorem 7. Eq.(5) has a unique equilibrium point
which is the number zero and this equilibrium point
isnot locally asymptotically stable.

Example 5. Assume that x_, =10, x_; =
4,x_, =9, x_4 =6, x, = 2 seeFig. 5.

plot of x(n+1)= (M(-2)M(-3)ME))/(MIHM(H1)*(1-M(H2)M(-3)M(-4))

oW ®m % w % m %
Fig. 5. This Figure shows the solution of the equation (5)
whenx_, =10, x_3=4,x_, =9, x_1 =6, xy =2

Example 6. See Fig. 6 since x_, =2,x_3 = 0.7,
x_z = 05, x_l = 08, xO = 2.

plot of x(n+1)= (M(-2)M(-3)M(i-4))/(M{MG-1)(1-M(i-2)M(-3)M(i-4)))

Fig. 6. This Figure shows the solution of the difference
equation (5) where x_, =2,x_3=0.7, x_, =0.5,
x_1 =08, xy=2

5. On the Difference Equation x,,1 =
Xn-2Xn-3Xn—4

XnXn-1(—1-Xp—2Xn-3Xn-4)
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Here we obtain a form of the solutions of the
equation

Xn-2Xn-3Xn—4
: (6)
XnXn—1(—1—Xp—2Xn-3Xn—4)

Xn+1 =

where the initial values are arbitrary non zero real
numbefS Wlth xOx_lx_z ¢ _1, x_lx_Zx_3 ::t _1,
X_pX_3X_4 # —1.

Theorem 8. Let {x,}n-_, be a solution of EQ.(6).
Thenforn =0,1, ...

_ c(de)®*™ (=1 —abc)"

Xon-2 = "(apy2n(—1 — cde)r’
b?"*1(—1 — cde)™
Xon=1 = "oom (1 — bed)n
_a?™(=1—bcd)"
¥on T Tgem(—1— aboyn

c(de)?™*1(—=1 — abc)™

Xen+1 = (ab)?n+1(—1 — cde)”“'

b2n+2(_1 _ Cde)“+1

Xen+2 = e2n+1(—1 — bcd)r“'l'
a2n+2(_1 _ bcd)n+1

Xon+3 = dzn+i(—1 — abc)n+t

Theorem 9. Eqg. (6) has two equilibrium points

which are 0, /=2 and these equilibrium points are
not locally asymptotically stable.

Theorem 10. The following statements are true:
@ W xg#x_3, X_q%FX_4 X_3X_3X_, + —2,
then all the solutions of Eq.(6) are unbounded.

(b) Eq.(6) has a periodic solutions of period six iff
Xog =X_3, X_q1 =x_,, and will be take the
X-2

form {X_Z, -1 %0 (m1-x_2x-3x_4) ’}.
X_1,X0)X—2,X_1,Xg) -

(c) Eq.(6) has periodic solutions of period three iff

Xo =X_3, X_q = X_4, X_X_3X_s =—2 and will

be taketheform {x_,, x_1, x9, X_5, X_1, %o, .- - }-

Example 7. Consider x_,=0.3, x_3=0.7,
x_z = _5, x_l = 0.8, xo =2 %F'g. 7.

Example 8. Figure 8 shows the solutions when
X_4=-5x3=9 x_,=8 x_;,=-5 x,=09.

plot of x(r+1)= (ME-2M(-3)ME)(MAM(G-1)(-1-MG-2MG-3M(-4))

x(n)

-1200

0 5 10 15 20 25 30 35 40

Fig. 7. This Figure shows the solution of the equation

Xn—2Xn—3Xn_
Xn+1 = el Sl y When X_a = 0.3, X_3 =
XnXn-1(=1=Xn_2Xn-3Xn_4)

0.7, x_, =—=5, x_; =08, xy =2

plot of x(n+1)= (M(i-2)M(3)M(~4))/(M() M(i-1)*(-1-M(i-2)M(i-3)M(i~4)))

h s m 5 2 % %
Fig. 8. This Figure shows the solution of the equation (6)
with the initial conditionsx_, = =5, x_3 =9, x_, = 8§,
X_1=-5 x%=9
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