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Abstract — In this paper, we establish some results on the existence of at least three weak solutions for a
Dirichlet problem involving p-Laplacian using a variational approach.
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1. INTRODUCTION
We consider the boundary value problem

—Au+ AM(z,u) = m(z)u® in Q,

1
u =0 on 09, M

where A, u=div (Vu|’? Vu)is the p-Laplacian operator, 2 C R"(N > 1) is nonempty bounded open set
with a boundary 9 of class C', P > N, A > 0, f : @ x R — Ris a Caratheodory function and the weight
m(z) € C(Q2) . In this paper, we are interested in ensuring the existence of at least three weak solutions to
the problem (1). As usual, a weak solution of (1) is any u € W;*(Q) such that

fQ|Vu(z) |p72 Vu(z)Vou(z)ds + )\f of(z,u)vde = me(:z:)UZUda:

for allv € W,;"(Q2). Multiplicity results for problem:

Ayu+ M(z,u) =0 in Q,

2
u=0 on 0%, @

have been broadly investigated in recent years (see [1, 2]). For instance, in [1], using variational meth-
ods, the authors ensure the existence of an arbitrarily small positive solution for the problem (2) when the
function f has a suitable oscillating behavior at zero. In the present paper, the existence of multiple
solutions of (1) is established. In section 2, Theorem 2.1 under novel assumptions ensures the existence of
an open interval A C [0,4+oc] and a positive number q such that, for each A € A, problem (1)admits at
least three solutions in ;" (Q2) whose norms are less than q. In section 3, we establish an equivalent
statement of minimax inequality
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Sup y=oinfex (P(u) + AW (u) + pA) <inf,cx sup yso (P(u) + AU (u) + pA). 3)

for a special class of functional. Our approach is based on a three critical point theorem proved in [3].
Here we recall its equivalent formulation [4, Theorem 1.1 and Remark 1.1]:

Theorem A: Let X be a separable and reflexive real Banach space; ®: X — Ra continuously
Gateaux differentiable and sequentially weakly lower semicontinuous functional whose Gateaux
derivative admits a continuous inverse onX ;¥ : X — R, a continuously Gateaux differentiable
functional whose Gateaux derivative is compact. Assume that lim,_ 4o (®(u) + AW(u)) = +oo

for all A € [0,+o0[, and that there exists p € R such that

Sup > oinf,ex (P(u) + AV (u) + pA) <inf,ex sup y=o (P(u) + AV (u) + pA).

Then, there exists an open interval A C [0,4+oc[and a positive number q such that, for each\ € A, the
equation ®'(u) + AU'(u) = 0, has at least three solutions in X whose norms are less than q.
In Theorem 2.3 of [4], if we choose —J = WU, u, = 0. Then we have:

Theorem B: Let X be a separable and reflexive real Banach space; ®,¥ : X — R two sequentially weakly
lower semicontinuous functional. The following assertions are equivalent:

D(uy) |

(uy)’

(a) there arep € R, wy € X such that: (i) 0 < p < U(w), (1) inf g1 ) D(w) > p

(b) there are 7 € R, u; € X such that: (j) 0 < r < ®(w), () inf ,cq1g_o,) Y(uw) > p

(c) there exists p € R such that:

Sup ysoinf ex (P(u) + AU(u) + pA) <inf,cx sup r=o (P(u) + AP(u) + pA).

2. EXISTENCE OF THREE WEAK SOLUTIONS

In the sequel, X will denote the Sobolev space W, "' (Q2) with the norm

lull = (fg|Vu(3r)|"dz)%7

_ max,cq |u(;r)| _ t
Put k= T T and put g(z,t) = [ 0 f(z,6)d¢  for each(z,t) € QX R.
Since p > N,one hask < +oo. \
p_m(x) 3 ) ,
Now, we define ||u||1 = IQ(Vu —Tu )dx . We have ||« ||; and null equivalent such that

for positive suitable constants ¢, and c,:
Hully < g llul < cyllulr.

Theorem 2. 1. Assume that there exist positive constant cand w € X such that:

(1) nwn > ¢/ k; (ii) fg infyc.. glz,t)de > (c/k)pfﬂg(a:,w)dm [ wie .
Then, there exists an open interval A C [0,4+oc[and a positive real number q such that, for each \ € A,
problem (1) admits at least three solutions in X whose norms are less than q.
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P
Proof: For cach ue X,we put @(u):"i"f, W(w) = [ og(a,u(@))de and.J(u) = @(u) + X¥(u). In

particular, for each u,v € X one has &'(u)(v) = fQ(\VuV”2 VuVu — mu? " )dz, W(u)(v) = fgf(x.,u)vdm.. Itis
well known that the critical points ofJare the weak solutions of (1), our goal is to prove
that ® and ¥ satisfy the assumptions Theorem A. Clearly,®is a continuously Gaiteaux differentiable and
sequentially weakly lower semi continuous functional with a differentiable whose Gateaux derivative
admits a continuous inverse on X *, and Wis a continuously Gdteaux differentiable functional whose
Gateaux derivative is compact. For each A > 0, one has that lim . (®(u) + AW(u)) = +oc and so
assumption (i) Theorem 1.1 and Remark 1.1 of [4] holds. Now put r = %(ccl / k)P, By assumption (i),
one has 0 < r < ®(w). Moreover, since sup |u(z)| < knun for every w € Xand nul g% for every

u € X, such that®(u) < r, thus, and from (ii) one has
inf ued 1 (]—o0,r]) \Il(u) = inf te[—c,c] f&]g(x7 ’U,)dI > f Q inf t€l—c,c] g(% u)d:z:

(w)
D(w)

=

>(c/k)pf a9z, w)dx /1w 0" > (c/czk)pf ag(@,w)dz /1w IIIp =r

Now, our conclusion follow (b)) — (¢) Theorem B by choosing —J = v,uy, = 0and Theorem A if we
choose u; = w.

Example 2. 2. Consider the problem

—u"(z) + \3u?) = e"u?(2),

u(0) = u(1) = 0. @

=37 g e (0,1 ‘

Taking into account k = %, choosing ¢ = %, w(z) = 0 € (0D, p=2, f(z,u) = 3u®>and
ew,

m(z) = €*, all assumptions of Theorem 2.1 are satisfied. So there exists an open interval A C [0, +o0] and

a positive real number q such that, for eachA € A, problem (4) admits at least three solutions in

W, (]0,1]) whose norms are less than q.

3. MINIMAX INEQUALITY FOR A SPECIAL CLASS OF FUNCTIONALS

Let r, pe R, we X be such that 0 <r <®(w) and 0<p < V(w). We put Alrw)= ri((wg,
w
B(r,w) = %(A(r, w)? and C(p,w) = pi((zuu)) and, taking into account that A(r,w)>0, C(p,w)>0. Put

®and T, defined as before (in proof of the Theorem 2.1). Assume that there exists continuous function

a(z) >1 on [aj,ay], (ay,a, € R)such that g(z,u) > a(z)|VulP foreach u € X. So, we have
fﬂg(x,u)dx > lulp . &)

Now, we put

By = inf {lur € R*;®(u) < r},
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By = inf{lur € Rﬂ%inf (| Vu(z) | —%u?’(z)) <rtandB. =6 — .

\u(;r)\g%uuu
Clearly, 5, > (. In fact | u(z) |< % [| u || for every z € Q and for every u € X, so that

~infl(| Vaa) '~ 0’ (@) < - [ (| Vale) P~ G’ @)da

luz)l<lul
for every u € X, namely
, M 3
—inf (I Vu(z) [P == u’(2)) < O(u)
p L 3
u(a)i< ]
for every u € X; therefore
{iwir € R*;®(u) < r} C{iuw € R*;linf (| Vu(z) [P —%ud(a@)) < rt. Hence, 8, > 0.

u(z)|<—||u
[u(x)l pH [

Theorem 3. 1. Assume that there exist » € R, w € X such that:

. R
(1)0 <r< Q)(w) > (11) ;lnf\u(az)\SB(r,w)fﬁ, (| VU(Q}) |p 7%UB($))>’F :

Then, there exists p € R such that

Sup y>oinf,ex (P(u) + AU (u) + pA) <inf,cx sup y=o (P(u) + AW (u) + pA).

Proof: From (ii) we obtain B(r,w)— 8, & {v € R+;linf e (| Vu(z) | f%ug(l‘)) < r}. Moreover
D u(z)|<v
inf\u(z)KB(T.uw)—ﬂr {1) € R+;linf Ju(z)|< (| Vu(x) |p _%UB(m)) < T} > B(ﬁ w) - B, In faCt’ arguing by
- ’ P u(z)|<v

contradiction, we assume that there is v, € R" such that

1. m s

—inf (| Vu(z) P ——=wu’(z)) < r and v (A(r,w) — G,,80

p o [u@<y 3
Linf (| V(@) P —"ud@) < Linf (| V(@) [ —™43(z)) < rand this is a contradiction.
D lu@)<y 3 TP Jul@)sy ) 3 -
Further, taking into account that the function v — —inf o) (| Vu(z) P —%u%x)) is continuous

P u(z)|<v
in[0, +oc[, one has
inf{v € R*;linf (| Vu(z) PP —mug(x)) < r} > B(r,w) — §,.
P )< 3
Therefore, inf {% || |le R*;%inf (| Vu(z) P —%u?’(:c)) <r}+ 8, > B(r,w). So, we have inf
[u(@)|<—[ul]
p

{lul"e R*;®(u) <7} > A(r,w). Using (5) one has inf{ [ og(z,u)dz;®(u) <7} > A(r,w), namely
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Y(w)
D(w)

u, = w, we obtain Sup ,-qinf,cx (P(uw) + AU(u) + pA) <inf,cysup s (P(u) + AW (u) + pA).

inf, p1ae,) Ylu) > 7 , and, taking into account Theorem B with choice —J = 1,4, = Oand

Theorem 3. 2. Assume that there exist » € R, w € X such that:

1 m -
i) 0 D ii) —inf \v4 P 3 (x)) >
@ 0 << @)@ Jinf (V) [ -t @)

Then, there exists p € R such that
Sup y»oinfex (P(u) + AW (u) + pA) <inf,cx sup yso (P(w) + AU (u) + pA).
Proof: Taking into account that 3, > 0 one has

Inf (| Vu(z) P — %u3(w)) >inf (| Vu(z) —% u*(z))>r and the conclusion follows from Theorem 3.1.

Proposition 3. 3. The following assertions are equivalent:
(a) there are r € R, w € X such that:

(i) 0 < r < B(w), (i) %inf‘uwgw) (1 Vule) P~ (a) >

(b) there are p € R, w € X such that:

() 0<p < Y(w), (ij)linf . Vulz) P *%u3(w))>0(p7w)-
p fu(a)l< vp

Proof: We put p = A(r,w). We obtain r = C(p,w)and B(r,w) = %\/ﬁ . Hence, (a) and (b) are equivalent.
Theorem 3. 4. Assume that there exist p € R, w € X such that:

() 0<p < Vw). @) inf (| Vala) P ~Fd@)>Clp)
u()l< 7

Then, there exists p € R such that
Sup ysoinf,ex (P(u) + AU (u) + pA) <inf,cx sup yso (P(u) + AW (u) + pA).

Proof: It follows from Theorem 3.1 and Proposition 3.3.

We now want to point out a simple consequence of Theorem 3.1:
t
Theorem 3. 5. Letf : R — Rbe a positive continuous function. Put ¢(¢) = f f(&)d¢ for all t € R and
assume that there exist k, € R such that: 0
(i) f amu?dz < 0, (i) ~inf (| Vu(z) | —%uf*(x)pkop.
p

Skol”zfg(x)da;

1 ) 1/
[u@ <A )
p 3k’(‘|p7$*f maSde

Then, there exists p € R such that

Sup \soinfex (P(u) + AW(u) + pA) <inf,cxsup s (B(u) + AU(u) 4 pA).
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p
Proof: We put u(z) = z in Q and w(z) = kyu(z). for every = € Q. We obtain ®(w) = %(1 — f omzdz)

and W(w) = ki [ og(z)dz. Now, we put r = & /p. So, one has
0

1 3k0p_2j;29(w)d;r
B(T: w) = ;(3/{: -3 3
o’ 0 — j;lm:z z

)!/7, that is, the conclusion follows from Theorem 3.2.

Example 3. 6. Consider the problem

—u"(z) + N(962%) = —zu?(x), (6)
u(0) = u(1) = 0.

By choosing &, = %, p =2, and m(z) = —z all assumptions of Theorem 3.5 are satisfied. So there

exists p € R such that

Sup > oinfex (P(u) + AU (u) + pA) <inf,cx sup r=o (P(u) + AU (u) + pA).
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