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Abstract – Let C  be a field of subsets of a set .I  Also, let   1ii  be a non-decreasing positive 

sequence of real numbers such that 01,11  i  and 




1
1

i i . In this paper we prove that 

BV  of all the games of  -bounded variation on C  is a non-separable and norm dual Banach space of the 

space of simple games on C . We use this fact to establish the existence of a linear mapping T  from BV  

onto AF  (finitely additive set functions) which is positive, efficient and satisfies a weak form of symmetry, 

namely invariance under a semigroup of automorphisms of  CI , . 
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1. INTRODUCTION 

 
Let C  be a field of subsets of a nonempty set .I  It is well-known that the space AF  of all the finitely 
additive games of bounded variation on C , equipped with the total variation norm, is isometrically 
isomorphic to the norm dual of the space of all simple functions on C , endowed with the sup norm ([1]) 
(also see [2]). Maccheroni and Ruckle in [3] established a parallel result for the space BV  of all the 
games of bounded variation on C . Indeed, they showed that BV , equipped with the total variation norm, 
is isometrically isometric to the norm dual of the space of all simple games endowed with a suitable norm 
where a simple game is a game which is non zero only on a finite number of elements of C . Let 

  1ii  be a non-decreasing positive sequence of real numbers such that 01,11  i  and 






1
1

i i . We introduce space BV  which shares many properties of space BV . Here, we prove 
that space BV  of all the games of   bounded variation on C  equipped with the total variation norm, is 
isometrically isometric to the norm dual of the space of all simple games, endowed with a suitable norm. 
We use this fact to establish the existence of a linear mapping T  from BV  onto AF  (finitely additive 
set functions) which is positive, efficient and satisfies a weak form of symmetry, namely invariance under 
a semigroup of automorphisms of  CI , .  

 
2. PRELIMINARIES 

 
A set function RC :  is a game if   0 . A game on C is monotone if    BA    whenever 

BA  . A chain  n

iiS 0  in C  is a finite strictly increasing sequence  
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of the elements of C . BV  is the set of all games such that  
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A game in BV  is said to be of   bounded variation. A game is called a simple game if it is non-

zero only on a finite number of elements of C . A function u  in BV  is called finitely additive if  
 

     BuAuBAu   
 

whenever A  and B  are in C  and  BA . 
The set AF  of finitely additive functions in BV  forms a closed subspace of BV . A function u  

in BV  is called increasing if    BuAu   whenever BA  . Each u  in BV  has the form 
  uuu  when u  and u  are increasing and    IuIuu  |||| . A linear mapping T  in  BVL  

is positive if Tu  increases whenever u  increases. 
Let Ƈ denote the group of automorphisms of  CI , . A subspace X  is called symmetric if ou  is 

in X  for each x  in X  and each   in Ƈ. A value is a linear mapping T  from a symmetric subspace X  
of BV  onto the space AF  of finitely additive set functions which satisfies three conditions: 
(a) T  is positive: i.e., Tu  increases whenever u  increases. 
(b) T  is symmetric: i.e.,      oTuuT 0  for each   in Ƈ and u  in .X  
(c) T  is efficient:     IuITu   for each u  in .X  

In this note we establish the existence of linear operations from all of BV  onto AF  which satisfy 
(a), (b) and a weaker form of (c), namely symmetry under a semigroup of Ƈ. In addition, these linear 
operators are projections (i.e., uTu   for u  in AF ). Our main result is that, given any locally finite 
subgroup   of Ƈ there is a projection T  from BV  onto AF  which is symmetric under  . Since 

BV  is a (proper) subspace of CR , it inherits a topology from the product topology of CR . This is the 
weak topology generated by the projection functional 
 

RBVPA :  
 

 Auu   
 

where CA . A net  u  converges to u  in this topology if    AuAu   for all CA  (we write 
uu C ). This topology is called  - vague  topology for the analogy with the vague topology on the 

set of probability measures.  
 

3. BV  AS A NON SEPARABLE DUAL SPACE 
 

In [4], Aumann and Shapley proved that BV is a Banach space. Here, we show BV  is a Banach space 
too.  

Let  n

iiS 0  be a chain. For any set function   we define  
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This shows that a necessary and sufficient condition, BV , is that ||||  be bounded over all 
chain  . Then, BV if and only if  ||||sup||||  , where the sup  is taken over all chains  . 

It is obvious that this defines a norm on BV . Now, we show that with this norm, BV  is a 
complete space. 
 
Theorem 3.1. BV  is complete, hence a Banach space. 
 
Proof: Let  n  be a Cauchy sequence of elements of BV .  For any subset S  of I , we show that 
sequence   Sn  is a Cauchy sequence in R . 
 Let S  be a subset of .I  For the chain  
 

;IS   
 

We have 
 

         
1

||||
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mn

SS
 

 

    SS mn   . 
 

Then the sequence   Sn  is a Cauchy sequence in R  and is convergent; denote it’s limit by  S . 
We must first show that   is  -bounded variation. Let N  be such that 1||||  mn   whenever 

Nn . Then for each chain   and each Nn  we have  
 

  |||||||||||||||| NnNn   

                          |||| Nn   

                       |||| Nn    

 1  
 
letting n , we deduce 
 

||||1|||| N  . 
 

Hence   is  -bounded variation. That 0||||  n  is now easily verified, so the theorem is 
proved. 

Here, we show that BV  is a non separable space. So, the dual of BV  is non separable too. 
 
Theorem 3.2. ],[ baBV  is non separable. 
 
Proof: For each a satisfying bsa   and subset A  of  ba, , let  As  be the set function defined by  
 

   


 


.0

,1

otherwise

Asaif
As  

 
We see that s  is a monotone set function and belongs to the ],[ baBV . For any s  and r  with 

brsa  , let   be the chain ø Isa  ],[ . Then 
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 |||||||| srsr   
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1
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
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1  

 
This completes the proof. 
 

4. BV  AS A DUAL SPACE 
 

In [3], Maccheroni and Ruckle showed that BV is a dual Banach space. Indeed, they showed that BV  is 
isometrically isomorphic to the norm dual of space of all simple games. Here, we establish this result for 

.BV  
We define the game RCeA :  by  
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
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ABif
BeA 0

1
 

 
Let X  be the space of all simple games. For all  CA  and 0e  being   


CA AeAxx  for 

all Xx , we have CAeX A  : . For each chain  n

iiS 0  in C , define a semi norm on X  
by  
 

                                                                  .max||||
0
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i

nk
sxx                                                           (1) 

 
For all Xx . Let  AeX A : . If  Xx , we say that x  depends on the chain 

 . For all Xx , set  
 





L

e
eexx

1

||||inf||||  

 
where the inf is taken over all finite decompositions  


L

e exx
1

 in which ex  depends on the chain e  
and 

e||.|| is defined as in (1) for all Le ...,,2,1 . 
Lemma 4 of [3] showed that this equation defines a norm on X . 

 
Lemma 4.1. The function RX :||.||  is a norm on X . 

Given a linear continuous functional RXf : , define the game fG  as follows 
 

   Af efAG   
 

For all CA . 
 
Theorem 4.2. Let *X  be the norm dual of  ||.||,X . The operator  
 

BVXG *:  
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fGf   
 

is an isometric isomorphism from *X  onto BV . 
 
Proof: We first show that if  n

iiS 0  is a chain in C , then 
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which implies that BVG f  and |||||||| fG f  . 

Define  Xx  by  
 

                       ,1 nnn eSfeSfSgnSx  

        ,211   nnnn eSfeSfSgnSxSx  

  
                          0111 eSfeSfSgnSxSxSx nn    , 

                                                         00 Sx . 
 

Obviously 1|||| x , so that 1|||| x . Similar to proof of theorem 5 of [3], we have, 
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which implies that |||||||| fGf  . Then G  is well defined and obviously linear and injective. 

Given BVu  , we can define uf  on X  by  
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for all Xx . It is trivial that uf  is linear.  

If x  depends on  n

jjS
0

 , then 
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                                   |||||||| ux  . 
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and so 
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We conclude that   ufGXf uu  ,*

 and G  is onto. For all BVu  , 
1 uu Gf  and 

|||||||||||| 1 ufG uu 
. 

Therefore, for all   ||||||||||||, 1*
fG GGfXf

f
 

 and G  is an isometry. 
Let G  be similar to the previous theorem. We show that, 
 
Theorem 4.3. G  is vagueweak *

 homeomorphism. 
 
Proof: Let  af  be a net in *X . By using the notations of the previous theorem, we have that 

ff wa 
*

 iff    xfxf a   for all Xx  iff    AA
a efef   for all CA  iff 

   AGAG ff a   for all CA  iff f
C

f
GG a  . 

In Theorem 4.2, together with the Alaoghlu theorem, we have the compactness of the unit ball 
 BVU  in the vague  topology. 

 
Theorem 4.4. The unit ball  BVU  is compact with respect to the vague  topology. 
 

5. PROJECTIONS FROM BV  ONTO FA  
 

Given I  and Ƈ as in §1, let   denote the set of one-to-one functions   from I  into I  such that 
 S  Ƈ if and only if S  Ƈ. Then   forms a group under composition. For each   in   the 

function T  defined by  ouuT   is a linear operator from BV  into BV  with 1|||| T . A 
function u  in BV  is called finitely additive if  
 

     BuAuBAu   
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whenever A  and B  are in C  an  BA . The set AF  of finitely additive functions in BV  
forms a closed subspace of BV . A function u  in BV  is called increasing if    BuAu   
whenever BA  . Each u  in BV  has the form   uuu when 

u and 
u are increasing and 

   IuIuu  |||| . A linear mapping T in  BVL   is positive if Tu  is increasing whenever u  
is increasing. 
 
Definition 5.1. Let   be a subgroup of  . A  -value is a projection P  from BV  onto AF  which 
fulfills the following conditions: 

 

                                                          .,|||||||| BVuuPu                                                      (2) 
 

                                                              ., BVinuIuIPu                                                       (3) 
 

                                                            . inallforPTPT                                                 (4) 
 

Definition 5.2. For each finite partition D  of I  into members of Ƈ,   D  set  is the set of all T  
in  BVL   for which  
 

                                                           ;BVinuforIuITu                                                   (5) 
 

                                                        ;,|||||||| BVuuTu                                                     (6) 
 

                                          Tu is additive on the algebra of sets determined by D;                                      (7) 
 

                                                  ., DinBAFinuforBuBTu                                        (8) 
 

Lemma 5.3. No set  D  is empty. 
 
Proof: Suppose  kDDDD ,...,, 21  (any order). Let 0E , 11 DE  , …, nn DDDE  ...21 , 
…, IEk  . For each jD  in Ƈ let 

jDd be the function  
 

 


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
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Define DQ  from BV  into BV  by  
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It is clear that DQ  is linear and satisfied (5) since the sum for  IQ uD

 collapses to  Iu . Since each 

jDd is increasing, and each coefficient is positive when v  is increasing it follows that DQ  is positive. If 
  uuu  when 

u and 
u are increasing and    IuIuu  ||||  we have  

 

||||||||||||   uQuQQ DDDu  

                       IuQIuQ DD
   

       IuIu    

                                                                .|||| u  
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Thus (6) is valid. We omit the straightforward arguments which show DQ  satisfies (6) and (7).  
Now with a similar proposition 2.2 and theorem 2.3 of [5], one can prove that  
 
Theorem 5.4. There exists a projection Q  from BV  onto AF  satisfying (2) and (3). 
 
Theorem 5.5. If   is a locally finite subgroup there is a value  P  from BV  onto AF . 
 
Acknowledgements- The authors express their sincere thanks to Professor Fabio Maccheroni and 
Professor William H. Ruckle for their valuable suggestions and comments which led to the improvement 
of this paper. 
 

REFERENCES 
 

1. Dunford, N. & Schwartz, J. T. (1958). Linear operators. New York, Interscience.  

2. Esi, A. H. & Polat, H. (2006). On strongly ∆n-summable sequence spaces. Iran. J. Sci. Technol., 30(2), 229-234. 

3. Maccheroni, F. & Ruckle, W. H. (2002). BV as a dual space. Rendiconti del Seminario Matematico di Padova, 

107, 101-109.  

4. Aumann, R. J. & Shapley, L. S. (1974). Values of non-atomic games. Princeton University Press. 

5. Ruckle, W. H. (1982). Projection in Certain Spaces of set Functions. Mathematics of Operations Research, 7(2), 

314-318. 


