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Abstract — a—minimal sets' approach introduced some closed right ideals of the Ellis semigroup of a
transformation semigroup which behave like minimal right ideals of an Ellis semigroup in some senses. From
1997 till now they have caused some new ideas in distality, proximal relation, transformed dimension, Here
we will compare the above mentioned ideas and will improve them.
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1. PRELIMINARIESIN TRANSFORMATIONSEMIGROUPS

Let X be acompact Hausdorff topological space, S be atopological discrete semigroup with identity e
and 7: XxS— X (7(X58) =xs(Vxe X,Vse S)) be acontinuous map such that for all xe X and
foral s,te S, wehave xe=x and X(st) = (xs)t, then the triple (X, S,7) or simply (X,S) iscaled
atransformation semigroup. In atransformation semigroup (X, S) we have the following definitions:

1. For each s S, define the continuous map 7°: X — X by xz° = xs (Vxe X), then E(X,S) or
simply E(X) isthe closure of {z°|se S} in X* with pointwise convergence. Moreover, it is called
the enveloping semigroup (or Ellis semigroup) of (X,S). E(X) has a semigroup structure (see [1] and
[2]). A nonempty subset K of E(X) iscaled aright ideal if KE(X) < K, and it is called a minimal
right ideal if none of theright ideals of E(X) isaproper subset of K. The set of all minimal right ideals
of E(X) will be denoted by Min(E(X)).

2. A nonempty subset Z of X is caled invariant if ZSc Z . Moreover, it is called minimal if it is
closed and none of the closed invariant subsets of X is a proper subset of Z. The element ae X is
called ailmost periodic if aE(X) isaminimal subset of X .

3. Let ae X, A beanonempty subset of X, pe E(X), C be anonempty subset of E(X), and K
be a right ideal of E(X), then L :E(X)— E(X) such that L (q)=pg (vVqeE(X)) is a
continuous map. The following sets are introduced:

B(K)={peK|L,:K — K isbijective}, F@C)={peC:ap=a},

S(K)={peK|L,:K > K issurjective}, F(AC)=F(b,C),

be A

I(K)={peK|L,:K—>K isinjective}, JC)={peK|p®=np}.
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28 F. Ayatollah Zadeh Shirazi
2. A BRIEF SURVEY
2.1. a-minimal sets: introduction and their idempotents

a—minimal sets have been introduced in [3]. From some points of view they behave very similar to a
minimal right ideal of an Ellis semigroup; these similarities lead us to other collections of a closed right
ideal of Ellis semigroup, i.e., A—minimal sets and A—minimal sets which have been introduced in
[4].

In the transformation semigroup (X,S), let ae X, A be a nonempty subset of X and K bea
closed right ideal of E(X), then:
e K iscadledan a—minimal setif:

o aK =aE(X),

o K does not have any proper subset like L, such that L is a closed right ideal of E(X) with
alL = aE(X),

the set of all a—minimal setsisdenoted by M(a) and it is nonempty [3, Proposition 3],

e K iscalledan A—minimal setif:

o Vbe A bK =bE(X),

0o K does not have any proper subset like L, such that L be a closed right ideal of E(X) with
bL =bE(X) foral be A, o

the set of all A—minimal setsisdenoted by M(A) and it is nonempty [4, Theorem 2],

e Kiscdledan A—minimal setif:

o AK = AE(X),

0o K does not have any proper subset like L, such that L be a closed right ideal of E(X) with
AL = AE(X), theset of all A—minimal setsisdenoted by M(A), there are examplesin which M(A) is
empty and the othersin which M (A) is nonempty [5].

e Thefollowing sets are introduced:

o M(X,S)={Ac X |A=D A (VK e M(A) J(F(AK)) = D)},

0 M(X,S)={Ac X |A=DAM(A) =D A (VK € M(A) (F(AK)) = D)} .

In the transformation semigroup (X,S), let ae Ac X, thenwehave: __

1. let K be aclosed right ideal of E(X), | e M(A) and J € M(A) (M(A) may be empty in which
case the last item will be disregarded), then we have: In the following table, the mark v* indicates that for
the corresponding case 7(Q) istrue, where

o o is (If Q=D then Q isasubsemigroup of C),

e fis (Vu,veJC) (u isaleftidentity of C A (u istheidentity of Cu) A (Cu = Cv)),

e yis ((VueJQ) (Qu isagroup with identity u)) A ({Qv|ve JQ)} is a partition of Q into
some of its disjoint isomorphic subgroups) A card({ Qv | v e J(Q)}) = card(J(Q))),

([4, Theorem 4], similar to [1, Proposition 3.5]).
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7(Q) Q F(AC) | ac) | BC) | S© | 1(C)
C

a Korl orJ v v v v v
Yii K v 4 4
Yij | or J v 4 v v v
/4 K v

Y | v v

14 J v v v

2. Foreach K,L e M(A) , we have:

i. VpeF(AK) pL=K,

i. YueJ(F(AK)) JveJF(AL) u=uawu=v,
ii. Yue J(F(A/K)) FIveJFAL)) uv=u,

iv. Yue J(F(AK)) cad(JI((L, |.)"(u)) =1,

v. card(J(F(A K))) = card(J(F(A,L))),

vi. card(M (A))card(J(F(A, K))) = card( UJ(F(A, N))).

NeM (A)

And for each K, L ev(A) :

(¥pe F(AK) pL=K) A card(M(A)card(I(F(A K))) = card( [ JIAF(AN))),

NeM (A)

and the same as (ii), (iii), (iv), and (v) in the above mentioned items ([4, Theorem 7], similar to [1,
Proposition 3.6]).

3. One of the best similaritiesis: "for each be A, b isamost periodic”, iff "M(A) = Min(E(X))", iff
"M (A) A MIn(E(X)) = D", iff "M (A) = Min(E(X))", iff “ M (A) A Min(E(X)) # & " [4, Note 12].

2.2. Digtality and proximal relationsin a - minimal sets

In the transformation semigroup (X,S), let d e Ac X . (X,S) iscaled dista if E(X) e Min(E(X)),
(X,S) is called d—distal if E(X)eM(d), and for Qe{M,M}, (X,S) is caled AQdistal if
E(X) e Q(A). Sets:

P(X,S)={(x,y) e Xx X |3l e MIin(E(X)) Vpel xp=yp}
P,(X,S) ={(x,y) e Xx X[l eM(d) Vpel xp=yp}
Pa(X,9) ={(x,y)e Xx X |3 eM(A) Vpel xp=yp

PA(X,S) ={(x.y) e Xx X |3 eM(A) Vpel xp=yp}

are caled respectively proxima relation, d —proximal relation, AM proximal relation, and
AL proximal relation (on X ). Suppose n € N, we have:

1. It is well-known that " (X,S) is distal”, iff “Min(E(X)) ={E(X)}" iff "P(X,S)=A," (see [1,
Proposition 5.3, Lemma 5.12] adso iff "Vxe X (X,S) is x—dista" iff "Ixe X ((x is amost
periodic) A ((X,S) is x—distal)) ", (in these cases E(X) isagroup). On the other hand, ([4, Theorem
18] and [6, Theorem 4]):
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a if A"eM(X",S"), then "(X,S) is A™ dista", iff "M(A) ={E(X)}", iff "F(A E(X)) is a
subgroup of E(X)", iff "J(F(A,E(X))) is a subgroup of E(X)", iff "JI(F(A E(X))) ={¢", iff
(X", S") is A" M digtal", iff "Pa(X,S) = A, " B

(in these cases F(AE(X)), B(E(X)), B(E(X))NFAE(X)), B(E(X))nFAE(X)) and
S(E(X)) N"F(A E(X)) aresubgroupsof E(X)); __ 3

b. if Acm(X,S),then"(X,S) is AM distal”, iff " M(A) ={E(X)}", iff " F(A E(X)) is a subgroup
of E(X)", iff "F(AE(X)) isasubgroup of E(X)", iff " J(F(A E(X)))(= J(F(A E(X)))) is a subgroup of
E(X)", iff " (F(AE(X))) ={&} ", iff "Pa(X,S) = A

(in  these  cases F(A E(X)), F(A E(X)), B(E(X)), B(E(X)) nF(A E(X)),
B(E(X)) N F(A E(X)), S(E(X))NF(AE(X)) and SE(X))F(AE(X)) are subgroups of
E(X);

(Note the fact that {d} eA/L(X S)c M(X,9) (if Ae M(X S), then M(A)c M(A)))

2. It is well-known that " Min(E(X)) issingleton”, iff " P(X) isatransitive relationon X ", iff " P(X)
isan equivalence relationon X" (see[1, Proposition 5.16]). On the other hand, we have [6, Theorem 5]
c. if Ae M(X,S), then" M(A) is singleton”, iff " Pa(X) isatransitive relation on X ", iff " Pa(X)
isan equwalence relationon X" _

d. if Aem(X,S),then" M(A) |ssmgleton iff " PA(X) isatrangitiverelationon X ", iff "Pa(X) is
an equivalence relationon X ".

3. Let S be abelian. It is well-known that if " P(X) is a closed relation on X " then "P(X) is an
equivalencerelationon X " (see[1, Lemma5.18]). On the other hand, we have [6, Theorem 5]:

e if Ae M(X,S) and Pa(X) isaclosed relation on X , then Pa(X) is an equivalence relation on
X, - - -

f. if Ae M(X,S) and Pa(X) isaclosed relation on X , then Pa(X) isan equivalence relation on
X.

2.3. a-minimal sets and product spaces

Let (X,S), (X.,S), ... (X,,S,) be transformation semigroups and {(X,,S,) | €I} be a

nonempty collection of transformation semigroups.

LFor o aye[[x Wehavey (o . .a)- HM(XS(a,)( {HK Vi €{Ll} K, €M 6 (3))

i (1ix.fis)

([7, Theorem 5]), as amatter of fact, if 1A EM(HX T1s.) then Mnx,. HS)(HA) [TMx, .50 (A,)-

ael ael ael’ ael’ ael’

Note to the fact that {{x} | xe X} = M(X,S), and conclude Min(E([T X...JTS.)) = [[Min(E(X,.S,)) -

ael ael’ aell

M(x‘ 5) @ ={Ar IKeMy (@} ={{(P).r | PeK}KeM @)} and Mg @ =7,M ;- @), (Vpel)

(where 7, isthe projection map on B's component and 4= (a),,.. € X" ) ([7, Theorem 5]).
2.4. Other notes

The reader may find new generalizations about almost periodicity related to a —minimal setsin [4],
related topics between bitransformation semigroups and a— minimal sets in [8], transformed dimensions
(in a—minimal sets) in [9], interesting examples and counterexamples in [5], and more related topics in
[10-15]. The reader may find interesting theorems in the above mentioned articles which have been
disregarded in this note for briefness, e.g., in [10] it has been proved that in the transformation semigroup
(X,9) if S,...,S, are subsemigroups of S such that ee ﬂSI ,then (X,S) isdistal (resp. a—distal)
iff foreach i €{1,...,n}, (X,S) isdistal (resp. a—distal).=i=n
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3. AN IMPROVEMENT: SOME EQUIVALENCE
RELATIONSAND a-MINEMAL SETS

In this section some simple equivalence relations based on a—minimal sets definition are found, which
help the reader to feel much closer to a—minimal sets' approach.

Definition 1.

In the transformation semigroup (X, S), for nonempty subsets A and B of X ,if D e{m, M} , define:

e A and B areequivdentif {M(a):ac A ={M(b):be B}.

e A and B are D —equivalent if D(A) = D(B).

Moreover:

e A iscaled subg-independent (or subqﬂ independent) if there is not any nonempty proper subset C
of A suchthat A and C areequivalent,

e Aiscdled subq@independent if there is not any nonempty proper subset C of A suchthat A and
C are D —equivalent,

e A iscaled supg-independent (or supqﬂ independent) if there is not any proper supset C of A such
that A and C are equivalent,

e A iscaled supg— ©®) independent if there is not any proper supset C of A suchthat A and C are
D — equivaent.

Remark 2. o _

e In the transformation semigroup (X,S), “"equivalent", "M — equivalent, and "M — equivaent"
relations are equivalence relations on the collection of nonempty subsets of X .

e The "equivaent", "M — equivalent”, and "M —equivaent" relations are invariable under
isomorphisms of transformation semigroups (a continuous function ¢:(X,S) — (Y,S) is called
homomorphism if for each X e X and each se S we have ¢(xS) = ¢(X)s, and if in addition it is onto
and 1-1, then it is called an isomorphism).

Theorem 3.

In the transformation semigroup (X,S),letac Ac X andbeBc X.

1. If foreach ce A, ¢ and a are equivalent (i.e.,, {c} and {a} are equivalent), then for each nonempty
subset C of A, A and C are equivalent and M - equivalent.

2. a and b areequivalentif and only if a is b—amost periodic and b is a—amost periodic.

3. A and B are M —equivaent if and only if A is BM™ aimost periodic and B is A™M gmost
periodic.

4. A and B_are M equivalent if and only if A is BMM) 4 mogt periodic and B is AMM 4o
periodic or M(A) M(B) .

(Remark: Let Q,R e{Mﬁ} and A, B be nonempty subsets of X, such that whenever
R=M,then M(A) =@, and let a,b e X . We say (see[4, Definition 13]):
e Db is a—amost periodic if:

VKeM(a) dLeM(b) LcK,
e B is AR amost periodic if:
VKeR(A) JLeQ(B) LcK)

Proof: In the transformation semigroup (X,S),let ac Ac X andbeBc X.
Winter 2010 Iranian Journal of Science & Technology, Trans. A, Volume 34, Number A1
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1. For each each nonempty subset C of A we have M(C) =M(a).

2. Suppose @ be b—amost periodic and b be a—amost periodic. If K e M(a), there exists
LeM(b) and K'e M(a) suchthat Lc K and K'c L, s0if K'c K by K,K'e M(a) we have
K =K' and K =L € M(b) ; therefore M(a) < M(b) , by asimilar method M(b) < M(a), thus a and
b are equivalent.

e For (3) and (4), use asimilar method described for (2).

Note 4.

In the transformation semigroup (X,S),let ae Ac X.

o {be X|M(b)=M(a)} is supg-independent and the maximum element of {B< X |B=J A (a
and B areequivalent)},c) .

o UBcX|BxDA(A and B are equivdent)}(={be X |3ce A M(b)=M(c)}) is supg-
independent and the maximum element of ({B < X |B # J A (A and B areequivaent)},c) .

o U{Bc X|B=DA(A and B are M —equivalent)} is supg™ independent and the maximum
dementof {B< X |B= DA (A and B are M — equivaent)}, ) .

e Thefollowing sets are directed:

{Bc X|B=IJ A (A and B areequivalent)},o),
(Bc X|B=DA(Aand B are M — equivalent)},c) .

(Note: Using [9, Theorem 12], for each nonempty subset B and C of X, we have
M(BUC) =min{K, UK, |K, e M(B),K, € M(C)},<), which leads us to the desired result.)

e For AcCc Bc X,wehave

o if A and B areequivalent, then A and C are equivalent,

o if Aand B are M—equivalent, then A and C are M—equivalent.

Theorem 5.

In the transformation semigroup (X,S),let A and B be nonempty subsetsof X .

A.If A istheset of all amost periodic points, then:

e For each subg-independent subset B of X, card(AnB) <1.

e For each subg™independent subset B of X, card(AnB)<1 (moreover, in this case
AnBe{B,J}). _

e For each subg™independent subsst B of X, card(AnB)<1 (moreover, in this case
AnBe{B,J}). B -

e A issupg-independent, supqmindependent and supqwindependent.

B. If foreach ae A, a isalmost periodic, then the following statements are pairwise equivalent:

1. A and B areequivaent.

2. A and B are ﬁ—equivalent.

3. A and B are M —equivaent.

4. for each c € B, ¢ isamost periodic.

C. Thefollowing statements are pairwise equivalent:

1. Foreach a€ A, a isamost periodic. .

2. For each nonempty subset B of X, B and AU B are M — quivalent.

3. For each supq ™ independent subset B of X , Ac B.

4. For each supqmindependent subset B of X, Ac B.
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Proof:

First note:

e A issupg-independent if and only if foreach d € X — A, M(d) ¢{M(c) |[c e A}.

e Due to [4, Note 12] the statements "for each ac A, a is damost periodic’, "for each ae A,
M(a) = Min(E(X))","M(A) = Min(E(X))",and" M(A) = Min(E(X))" are pairwise equivalent.
Now we have:

A.Let A betheset of all ailmost periodic points of (X,S).

Suppose B be a nonempty subset of X and a,be AN B besuchthat a= b, then B and B—{b} are
equivalent, since ae B-{b} and M(b) =M(a) = Min(E(X)); thus B is not subg-independent.
Moreover, if be ANB and B—{b} #J, then M(B)=M(B-{b}) and M(B)=M(B-{b}),
therefore B isnot suquindependent and B is not subg™.) independent.

C.

e ()= (2): By [9, Theorem 12] we have M(AU B) = min({K, UK, |K, e M(A),K, e M(B)},c) - If for each
ae A, aisamost periodic, then M(A) = Min(E(X)) and

M(AU B) = min({K, UK, | K, € Min(E(X)),K, € M(B)},c) = M(B)

(since each closed right ideal of E(X) containsaminimal right ideal of E(X)).

e (2 = (3): Itisclear. B

e (3) = (4): The set of al aimost periodic points is surﬁmindgpendent, so al of the points of A are
almost periodic and for each nonempty subset B of X, M(B) = M(An B).

e (4) = (1): The set of al aimost periodic points is supqmindependent, so al of the points of A are
amost periodic.

Corollary 6. B
In the transformation semigroup (X, S), let A be anonempty subset of X and D e{M,M}.
e |f for each nonempty subset B of X wehave: " A and B areequivaent if and only if A=B", then:

Vae A Vxe X (M(@=M(x)=>a=x).

e |f for each nonempty subset B of X wehave:" A and B are D — equivalent if and only if A=B",
then A isasingleton set which contains the unique amost periodic point of X .

Theorem 7.
Let {(X,,S,)|a €I} beanonempty collection of transformation semigroups and for each €I, A,

and B, be nonempty subsets of X, then in the transformation semigroup (H xa,H s,) (where for

ael ael
eaCh (Xa)ael' EHXD, and (Sa)aeF € Hsa 1 (Xa)aef (Sa)aer :: (Xasa)aer) we ha\/e

ael ael’

e If W is one of the terms. "equivaent", "M—equivalent (under the assumption

I1A..I1B. Eﬁ(H Xa:HSa))"’ and " M — equivaent (under the assumption 1A ITB. eﬁ(HXa,HSa))"’

ael’ ael ael ael ael’

then we have:

"TTA, ad [B, aew " if and only if

ael’ ael

“foresch a el', A, and B, are W".
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e If W, isoneof thesigns: "-"," M (under the assumption H A, e ﬁ(H X, H s))"" ﬁ (under the
assumption [ A, € ﬁ(H X, [S.))", then we have: o o

ael’ ael’ ael’

"TTA. issupgt™independent" if and only if

ael’

"foreachael’, A, |ssupq mdependent
. Ifwoe{—,m,ﬁ},thenwehave:

1t T A, issupg™2independent", then

ael’

“foreach a el', A, is supg- ) independent”.

e If W is one of the terms. "eguivaent”, " M— equivalent (under the assumption

Ceﬁq—[ XavHSa))"’ and " ﬁ— equivalent (under the assumption Ceﬁ(H xa,Hsa))", then: "C

ael’ ael’ ael’ ael’
and H 7, (C) (where 7, isthe projection map on the & 's coordinate) are W".

aell

e If W, isone of the signs: "-", M (under the assumption C < ﬁ(H xa,H sa))", ﬁ (under the
assumption C e J=I/L(H X,.][S,)" thenwe have:

ael ael

It " C is supg ™ independent", then"C = | [ z,, (C) ".

ael

ael’ ael’

Pr oof:
Use the following notes:

. IfHA E‘M(HX Hs),then Mnx, ns)([TA) ={[TK. IVaerl K, eMex,5)(A)}

ael’ ael

o if HAaeM(HX l_IS)"[hen M(nx HS)(HAa) {HK |[Vael K, eM(x so (A}

aell ael

Theorem 8. X
In the transformation semigroup (X, S), let 7 : X — — be the projection map (where R ={(a,b) | a
and b areequivalent} ), then we have: R

1 § isasingleton set if and only if al of the pointsof X are almost periodic.
2. 1f,in addition S isanabelian group, a € X , and R isclosed and invariant, then in the transformation

semigroup (— S) (where z(X)s:= z(xS) (xe X,se€ S) (for the projectionmap 7 : X —>%)
e a |saImoJ§ periodicif and only if 7z(a) isamost periodic,

o X
e If a isanamost periodic point of X , then 7 (a) isthe unique almost periodic point of W

Example 9.

Let uscall aclosed right ideal K of E(X) particular if for each a,be X, K e M(a) ~nM(b) if and only
if aand b are equivalent, and for D e{M,M} cal K D - particular if for each nonempty subsets A, B
of X, KeD(A)nD(B) if and only if A and B are D - equivaent. In the transformation semigroup
(X,S), wehave:
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e Min(E(X)) U{E(X)} isasubset of the set of particular, M —particular and M — particular closed
right ideals of E(X). _

e If K is M —paticular or M —particular, then K is particular (since for each ae X we have
M(a) = M({a}) = M({a}).

Let {(X,,S,)|a eI} be anonempty collection of transformation semigroups, and for each o €T,
K, be particular a closed right ideal of E(X,,S,), then HKa is particular in the transformation

semigroup (J [ X,.]T]S.)- P
ael’ ael’
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