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Abstract 

In this paper, by definition of exponential map of the Lie groups the concept of exponential map of generalized 
Lie groups is introduced. This has a powerful generalization to generalized Lie groups which takes each line 
through the origin to an order product of some one-parameter subgroup. We show that the exponential map is a 
 ஶ- map. Also, we prove some important properties of the exponential map for generalized Lie groups. Under theܥ
identification, it is shown that the derivative of the exponential map is the identity map. One of the most powerful 
applications of these exponential maps is to define generalized adjoint representation of a top space, so we show 
that this representation is a ܥஶ- map. Finally, invariant forms are introduced on a generalized Lie group. We prove 
that every left invariant ݇-form are introduced on a generalized Lie group ܶ with the finite number of identity 
elements is ܥஶ. At the end of this paper, for compact connected generalized Lie group ܶ with the finite number of 
identity elements and dimension ݊, we show that every left invariant ݊-form on ܶ is right invariant ݊-form. 
 
Keywords: Lie group; exponential map; differential invariant form 

 
1. Introduction 

Certain manifolds such as the torus ܶଶ also have in 
multiplication structure a generalized group 
structure [1, 2], moreover the generalized group 
operations are ܥஶ. A manifold such as this is called 
generalized Lie group or top space [3-5]. This paper 
is a compendium of important structures of top 
space. Top spaces are a particularly important class 
of manifolds. 

In this generalized setting, several authors ([2]) 
studied various aspects and concepts of generalized 
groups and top spaces. Also, some authors consider 
another useful generalization of Lie groups. 
Gheorghe considered the main structures of Lie 
groupoid, and encountered the important instruction 
between groupoid and geometric theory [6, 7]. Note 
that this generalization is different structure from 
the Lie groupoid introduced by Haefliger [8] and 
has been studied by Gheorghe [6, 7]. 
The concept of top space is defined by a set of 
axioms. In the axioms, the (only) difference lies in 
comparison with notorious axioms of an ordinary 
Lie group [2], in the definition of unit element. 
Here, contrary to the situation in Lie groups [9], the 
unit element is not necessarily unique. Rather, it is 
in general, element-dependent. So, for each element 
 in ܶ such	ሻݐin top space ܶ there exists unique ݁ሺ ݐ
that ݁ݐሺݐሻ ൌ ݁ሺݐሻݐ ൌ  plus the requirement that the ݐ
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map ݁ ׷ ܶ ՜ ܶ defined by ݐ ฽ ݁ሺݐሻ be 
homomorphism (Lie group is a special case of a top 
space, where unit element is unique), but there are 
top spaces which are not Lie groups [3]. So, top 
spaces are beautiful important and useful 
manifolds, because they have one foot in each of 
the two great divisions of mathematics, algebra and 
geometry. Their algebraic properties are derived 
from the generalized group axioms. Their 
geometric properties are derived from the 
identification of generalized group operations with 
points in a topological space. The rigidity of their 
structure comes from the continuity requirements of 
the generalized group inversion map. 

In section 2 of this paper we introduce the 
exponential map of top spaces. This has a powerful 
generalization to top spaces which takes each line 
through the origin to an order product of some one- 
parameter subgroup. The derivative of the 
exponential map is explored. One of the most 
powerful applications of these exponential maps is 
shown i.e. generalized adjoint representation is a 
smooth map. 

Section three is devoted to studying invariant 
forms on a top space. We show that the set of all 
left invariant ݇-forms on top space ܶ is 
isomorphism into the space of all alternating ݇-
tensors on the Lie algebra ߬ of top space ܶ [5], by 
this we give an upper bound for the set of all left 
invariant ݇-forms on ܶ. Finally, for each compact 
connected top space ܶ of dimension ݊, we consider 
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the relation between left invariant ݊-forms on ܶ and 
right invariant ݊-forms on ܶ. 

Now, we recall the definition of top space and 
then present a characterization of some top spaces. 

A top space is a nonempty ݀-dimensional 
Hausdorff, second countable manifold ܶ admitting 
smooth operations 
 

݉:ܶ ൈ ܶ ՜ ܶ           and          	݅: ܶ ՜ ܶ 
			݉ሺݐଵ, ଶሻݐ ൌ ሻݐଶ                      ݅ሺݐଵݐ ൌ  ଵିݐ

 
which satisfy the following conditions: 
a) ሺݏݐሻݎ ൌ ,ݐ		ሻ, for allݎݏሺݐ ,ݏ ݎ א ܶ. 
b) For each ݐ א ܶ there exists a unique ݁ሺݐሻ	in ܶ 
such that ݁ݐሺݐሻ ൌ ݁ሺݐሻݐ ൌ  .ݐ
c) For each ݐ א ܶ there exists the inverse element 
ݏ א ܶ such that ݏݐ ൌ ݐݏ ൌ ݁ሺݐሻ. 
and it holds 
d) ݁ሺݐଵݐଶሻ ൌ ݁ሺݐଵሻ݁ሺݐଶሻ, for all ݐଵ, ଶݐ א ܶ. 

It is easy to show the inverse element ݏ is unique 
and by ିݐଵ we mean the inverse of	ݐ. 

Let ܶ and ܵ be top spaces, a ܥஶ- map ݂: ܶ ՜ ܵ is 
called top space homomorphism, if  
 

݂ሺݐଵݐଶሻ ൌ ݂ሺݐଵሻ݂ሺݐଶሻ, 
 
for all ݐଵ, ଶݐ א ܶ. [10] 

Note that each Lie group is top space, but there 
are top spaces which are not Lie groups. 
 
Example 1. The Euclidean subspace ܴכ ൌ ܴ െ  ݋
with the product ܾܽ ൌ ܽ|ܾ| is a top space with the 
identity elements ݁ሺܶሻ ൌ ሼ൅1,െ1ሽ. 
 
Example 2. The ݊-dimensional Euclidean space ܴ௡ 
with the product: 
 

൫ሺܽଵ, … , ܽ௡ሻ, ሺܾଵ, … , ܾ௡ሻ൯

฽ ሺ
݊ܽଵ ൅ ∑ܾ௜

݊
,… ,

݊ܽ௡ ൅ ∑ܾ௜
݊

ሻ 
 
is a top space which is not a Lie group. 

Note that in this paper, by the following symbol 
we mean disjoint union. 
 

ራ

°

 

 
Theorem 3. [11] If ܶ is a top space with the finite 
number of identity elements, then 
 

ܶ ൌራሺ݁ିଵ൫݁ሺݐሻ൯ሻ

°

௧்א

 

 
where ሺ݁ିଵ൫݁ሺݐሻ൯ሻ, s are diffeomorphic Lie groups 
and are defined by: 
 

ቀ݁ିଵ൫݁ሺݐሻ൯ቁ ൌ ሼݏ א ܶ: ݁ሺݏሻ ൌ ݁ሺݐሻሽ, 

 
for all ݏ א ܶ. 

In the paper [11], some low dimensional top 
spaces are characterized. Also, in the paper [12], 
the properties of top spaces in the special cases are 
considered. 

2. Exponential Map on Top Spaces 

Let ܶ be a top space, ߬ a Lie algebra of T, [10]. Let 
ܻ א ߬ and ߛ௧బ௒ be the integral curve of ܻ starting at 
the identity element ݁ሺݐ଴ሻ א ݁ሺܶሻ, where ݁ሺܶሻ 
show the set of all identity elements of ܶ. Then ݐ଴-
exponential map ݁݌ݔ௧బ: ߬ ՜ ܶ is the map which 
assigns ߛ௧బ௒ሺ1ሻ	to ܻ, we write ݁݌ݔ௧బሺܻሻ ൌ   .௧బ௒ሺ1ሻߛ
 
Lemma 4. Let ܶ be a top space. Then ߛ௧బሺ௥௒ሻሺ1ሻ ൌ 
 ௧బ௒ are the integralߛ ௧బሺ௥௒ሻ andߛ ሻ, whereݎ௧బ௒ሺߛ
curves of ܻݎ and ܻ respectively, starting at the 
identity element ݁ሺݐ଴ሻ,	 where 		ݐ଴ א ܶ, ݎ א ܴ and 
ܻ א ߬. 
 
Proof: Obviously 

௧బሺ௥௒ሻሺ0ሻߛ ൌ ߛ௧బ௒ሺ0ሻ ൌ ݁ሺݐ଴ሻ 
also we have: 
 
݀
ݎ݀
|௥ୀ଴൫ߛ௧బ௒ሺܽݎሻ൯ ൌ ܽ ൭

݀
ݎ݀
ሺߛ௧బ௒ሻ൱ ሺ0ሻ 																					

ൌ ܻܽ൫݁ሺݐ଴ሻ൯. 
 

Since ߛ௧బሺ௔௒ሻሺݎሻ	is the integral curve of vector 
field ܻܽ starting at the identity element ݁ሺݐ଴ሻ, then 
 

݀
ݎ݀
|௥ୀ଴ ቀߛ௧బሺ௔௒ሻሺݎሻቁ ൌ ܻܽ൫݁ሺݐ଴ሻ൯. 

 
By existence and uniqueness theorem of the 

solution of the differential equation for manifolds, 
we deduce 
 

ሻݎ௧బ௒ሺܽߛ ൌ  .ሻݎ௧బሺ௔௒ሻሺߛ
 

Now, by replacing "ܽ"	 by "ݎ" we have 
ሻݎ௧బ௒ሺܽߛ ൌ ܽ ௧బሺ௥௒ሻሺܽሻ. Letߛ ൌ 1, then 
௧బሺ௥௒ሻሺ1ሻߛ ൌ  	.ሻݎ௧బ௒ሺߛ
 
Theorem 5. Let ଵܶ and ଶܶ be top spaces with the 
finite number of identity elements. Let ߮: ଵܶ ՜ ଶܶ 
be a top space homomorphism and ݁ିଵ൫݁ሺݐ଴ሻ൯, 
݁ିଵ൫݁ሺ߮ሺݐ଴ሻሻ൯ be simply connected topological 
subspace of ଵܶ and ଶܶ, respectively. Then 
߮݀݋ఝሺ௧బሻ݌ݔ݁ ൌ  .௧బ݌ݔ݁݋߮
 
Proof: At first, by Theorem 3, we know that for top 
space ܶ we have: 
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ܶ ൌ ራ ሺ݁ିଵ൫݁ሺݐሻ൯ሻ

°

௘ሺ௧ሻ்א

 

 
also, ݁ିଵ൫݁ሺݐሻ൯

,
 are diffeomorphic Lie groups for 	ݏ	

every ݐ א ܶ. 
Let ߰ଵ: ܴ ՜ ଵܶ and ߰ଶ: ܴ ՜ ଶܶ are defined by: 
 

߰ଵሺݎሻ ൌ ߮ ቀ݁݌ݔ௧బሺܻݎሻቁ 
 

and 
 							

		߰ ଶ
ሺݏሻ ൌ  ,ሺܻሻሻ߮݀ݏఝሺ௧బሻሺ݌ݔ݁

 
respectively, where ܻ א ߬ଵ(the Lie algebra of ଵܶ). 
By the well known chain rule theorem we have: 

 
																	݀߰ଵሺ1ሻ ൌ ݀൫߮݌ݔ݁݋௧బ൯ሺܻݎሻ|௥ୀଵݒ					

ൌ ൫݀߮݌ݔ݁݀݋௧బ൯ሺܻݎሻ|௥ୀଵ
ൌ ݀߮ሺܻሻ. 

 
Since ݁ିଵ൫݁ሺݐ଴ሻ൯	is a simply connected Lie group 

and ߰ଵ|௥ୀଵ ൌ ߰ଶ|௥ୀଵ, then by existence and 
uniqueness of solution of differential equation for 
manifolds we have: 
 

߮݀݋ఝሺ௧బሻ݌ݔ݁ ൌ .௧బ݌ݔ݁݋߮
	
 

 
Theorem 6. In a neighborhood of 0	in the Lie 
algebra	߬, the map ݁݌ݔ௧బ is a diffeomorphism. 
 
Proof: By the inverse function theorem on 
manifolds it is enough to show that ݀݁݌ݔ௧బ is a 
surjective map at 0. We have ݀݁݌ݔ௧బ: ߬ ՜ ௘ܶሺ௧బሻ, 
where ௘ܶሺ௧బሻ is the tangent space of ܶ at		݁ሺݐ଴ሻ. Let 
ݏ א ௘ܶሺ௧బሻ, then there is a left invariant vector field 
ܻ א ߬ such that ܻ൫݁ሺݐ଴ሻ൯ ൌ  .ݏ
Now, let ߛ௧బ௒ be the integral curve of vector field 
ܻ, then  
 

ሻݎ௧బ௒ሺߛ݀
ݎ݀

ൌ ܻሺݎሻ. 
 
Also, 
 

ሻܻݎ௧బሺ݌ݔ݁ ൌ ߛ௧బ௒ሺݎሻ, 
 

where ݎ א ܴ. 
Since ߬ is a vector space and ܻ א ߬. Then	ܻݎ א ߬ 

and we have: 
 
ሻ|௥ୀ଴ܻݎ௧బሺ݌ݔ݁݀ ൌ ሻ|௥ୀ଴ݎ௧బ௒ሺߛ݀ ൌ ܻ൫݁ሺݐ଴ሻ൯ ൌ  .ݏ

 
Therefore ݀݁݌ݔ௧బ is a surjective map.  
Now, we define a powerful map ݌ݔܧ on the Lie 

algebra ߬ of a top space ܶ. 
 

Definition 7. Let ܶ be a top space with the order 
finite number of identity elements		݁ሺݐଵሻ, … , ݁ሺݐ௡ሻ, 
also ݏ′ݏ′′ ൌ ′ݏ  for all ,′ݏ′′ݏ א ݁ିଵ൫݁ሺݐ௜ሻ൯ and 

′′ݏ א ݁ିଵ ቀ݁൫ݐ௝൯ቁ, where ݅, ݆ א ሼ1,… , ݊ሽ and ݅ ് ݆. 

The map ݌ݔܧ is defined by order product 
ሺܻሻ݌ݔܧ ൌ …௧భ௒ሺ1ሻߛ  ௧೔௒ሺ1ሻ is theߛ		௧೙௒ሺ1ሻ, whereߛ
integral curve of ܻ starting at the identity element 
݁ሺݐ௜ሻ,	 for all ݅ ൌ 1,… , ݊. 

Note that, if ܶ is a Lie group, then the definition 
of exponential map on top spaces agrees to the 
definition of exponential map on Lie groups. 
 
Theorem 8. Let ܶ be a top space with the order 
finite number of identity elements		݁ሺݐଵሻ, … , ݁ሺݐ௡ሻ. 
Then 
 

ሻܻݎሺ݌ݔܧ ൌ  .ሻݎ௧೙௒ሺߛ…ሻݎ௧భ௒ሺߛ
 
Proof: By Lemma 4, we know that ߛ௧೔ሺ௥௒ሻሺ1ሻ ൌ
݅ 1ሻ, for everyݎ௧೔௒ሺߛ א ሼ1, … , ݊ሽ and ݎ א ܴ. Then 
 

ሻܻݎሺ݌ݔܧ ൌ  ௧೙ሺ௥௒ሻሺ1ሻߛ…௧భሺ௥௒ሻሺ1ሻߛ
										ൌ  .ሻݎ௧೙௒ሺߛ…ሻݎ௧భ௒ሺߛ

 
Theorem 9. For top space ܶ with the Lie algebra	߬, 
the exponential map ݌ݔܧ is a ܥ∞- map. 
 
Proof: We know that the ݁݌ݔ௧೔ is a ܥ∞- map, for all 
݅ א ሼ1,… , ݊ሽ. Since ܶ is a top space, then the 
product map ݁݌ݔ௧భ …  	.map -∞ܥ ௧೙ is a݌ݔ݁
 
Theorem 10. Let ܶ be a top space with the order 
finite number of identity elements 		݁ሺݐଵሻ, … , ݁ሺݐ௡ሻ 
and ߬ be the Lie algebra of ܶ. Then 
a) ݌ݔܧሺെܻݎሻ = ሺ݌ݔܧሺܻݎሻሻିଵ. 
b) ݀݌ݔܧ: ߬଴ ՜ ௘ܶሺ௧భ…௧೙ሻ is the identity map, under 
the canonical identifications of both ߬଴ with ߬ and 
௘ܶሺ௧భ…௧೙ሻ with the Lie algebra of the Lie group 
݁ିଵ൫݁ሺݐଵ …  .௡ሻ൯ݐ
Where	ݎ א ܴ and ܻ א ߬. 
 
Proof: For part (a), since ܶ is a top space with the 
finite number of identity elements, let ݁ሺܶሻ ൌ
ሼ݁ሺݐଵሻ, … , ݁ሺݐ௡ሻሽ be an order set of all identities 
elements. Also 
 

ܶ ൌ ራ ሺ݁ିଵ൫݁ሺݐሻ൯ሻ

°

௘ሺ௧ሻ்א

 

 
we know that ݁ିଵ൫݁ሺݐሻ൯ is Lie group with the 
identity element ݁ሺݐሻ, then  
 

 .ሻሻିଵܻݎሺ݌ݔሻ = ሺܻ݁ݎሺെ݌ݔ݁
 

Then 
 
ሻܻݎሺെ݌ݔܧ ൌ ݁݌ݔ௧భሺെܻݎሻ…݁݌ݔ௧೙ሺെܻݎሻ 
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			ൌ ሺ݁݌ݔ௧భሺܻݎሻሻ
ିଵ … ሺ݁݌ݔ௧೙ሺܻݎሻሻ

ିଵ	ሺ݌ݔܧሺܻݎሻሻିଵ. 
 

Part (b) follows immediately from the Lie group 
theory.	 

Let ܶ be a top space with the finite number of 
identity elements and 	߬ be its Lie algebra. Let 
ܻ א ߬ and ܪሺ݁ሺݐሻ, ሻݎ ൌ  ௧ሺܻሻ, by theorems in݌ݔ݁
differential equations on the dependence of 
solutions on initial conditions, for every ݐ א ܶ there 
is a positive number ߝ	and a neighborhood ܸ of 
݁ሺݐሻ such that ܪ is defined and ܥ∞- map on 

ቀܸ ת ݁ିଵ൫݁ሺݐሻ൯ቁ ൈ ሺെߝ,  ሻ. Since the real numbersߝ

used as the second variable of ܪ are parameter 
value along a curve, by uniqueness on initial 
condition in differential equation, they satisfy an 
additive property, i.e. if ݒ א ,ଵݎ ,ܸ ,ଶݎ ଵݎ ൅ ଶݎ א
ሺെߝ, ,ݒሺܪሺܪ ሻ, thenߝ ,ଵሻݎ ଶሻݎ ൌ ,ݒሺܪ ଵݎ ൅  ,ଶሻ. Alsoݎ
if we are given a ܥ∞- map having domain of the 
same type as ܪ and satisfying the additive property, 
we get a vector field having ܪ, for this let ߦ௩ be 
defined by ߦ௩ሺݎሻ ൌ ሺݒ,  the value of ݒ ሻ. Then atݎ
the vector field is ܻሺݒሻ ൌ ݀ሺߦ ݋ܪ௩ሻሺ0ሻ. 
So, we have the following theorem: 
 
Theorem 11. Let ܶ be a top space with the order 
finite number of identity elements 		݁ሺݐଵሻ, … , ݁ሺݐ௡ሻ, 
ܻ be a left invariant vector field on ܶ and 
ሻݎ௧೔ሺܻሻሺ݌ݔܧ ൌ ߛ௧೔௒ሺݎሻ, where	݅ ൌ 1,… , ݊. Then 
there is neighborhood ܸ of ݁ሺݐ௜ሻ and open interval 
ሺെߝ,  ,map -∞ܥ ሻ is aݎ௧೔ሺܻሻሺ݌ݔܧ such that	ሻߝ

where	ݐ א ቀܸ ת ݁ିଵ൫݁ሺݐ௜ሻ൯ቁ, ݎ א ሺെߝ,  ሻ andߝ

݅ ൌ 1,… , ݊.  
The exponential map on top spaces is also natural 

in the following sense: 
 
Theorem 12. Given any two top spaces ܶ and ܵ, 
for every top space homomorphism ݂: ܶ ՜ ܵ that 
preserves ordering of identities, the following 
diagram commutes: 
 

		ܶ                             S 
 
 
 
 

 
߬                             S 

 
where ߬ is the Lie algebra of ܶ and 	ݏ is the Lie 
algebra of 		ܵ. 
 
Proof: It is enough to show that ்݂݌ݔܧ݋ሺܻሻ ൌ
ܻ ሺܻሻ, where݂݀݋ௌ݌ݔܧ א ߬ . 
 

ሺܻሻ்݌ݔܧ݋݂ ൌ ݂൫ߛ௧భ௒ሺ1ሻ…ߛ௧೙௒ሺ1ሻ൯ 
																														ൌ ݂ሺߛ௧భ௒ሺ1ሻሻ… ݂൫ߛ௧೙௒ሺ1ሻ൯. 

 
Since ݁ିଵ൫݁ሺݐ௜ሻ൯ is Lie group, for every 	݅ ൌ
1,… , ݊, then 
 
݂൫ߛ௧భ௒ሺ1ሻ൯…݂൫ߛ௧೙௒ሺ1ሻ൯
ൌ ൫ߛ௧భௗ௙|భ௒ሺ1ሻ݂݀݋|ଵ൯… ൫ߛ௧೙ௗ௙|భ௒ሺ1ሻ݂݀݋|ଵ൯ 
ൌ  .ଵሺܻሻ|݂݀݋ௌ݌ݔܧ
 

Then		்݂݌ݔܧ݋ሺܻሻ ൌ  	.ሺܻሻ݂݀݋ௌ݌ݔܧ
Now, by a representation as a map of top space ܶ 

into a Lie algebra of ܶ we show that generalized 
representation is a ܥ∞- map. Let ܶ be a top space 
with the finite number of identities 
elements		݁ሺݐଵሻ, … , ݁ሺݐ௡ሻ, for every		ݐ଴ 	 א ܶ we 
have a top space homomorphism ܣ௧బ: ܶ ՜
݁ିଵ൫݁ሺݐ଴ሻ൯ ك ܶ defined by ܣ௧బሺݐሻ ൌ  .଴ሻିଵݐሺݐ଴ݐ
Moreover, the map		ݐ଴ ฽  .௧బ is a homomorphismܣ
The map: ܶ ื ଴ሻݐሺܦܣܩ		ሺ߬ ) defined byܮܩ ൌ  ௧బܣ݀
is called generalized adjoint representation of 	ܶ. 
 
Theorem 13. ܦܣܩ is a ܥ∞-representation of ܶ into 
Lie algebra 	߬ of 	ܶ.   
 
Proof: ܦܣܩ is evidently a top space 
homomorphism, so that it suffices to show that it is 
 in canonical ∞ܥ and in fact, to show that it is ,∞ܥ
coordinate neighborhood. First, we note that for a 
fixed point 		ݐ଴ 	 א ܶ the map 	ݐ଴ ฽  In .∞ܥ ௧బisܣ
fact, it is the composition of maps involving top 
space operations which are 
 

฽ ݐ ሺሺݐ଴ሻିଵ, ,ݐ ଴ሻݐ ฽ ሺݐ଴ሻିଵݐݐ଴. 
 

Now, by Theorem 11, for every	ݕ in canonical 
coordinate neighborhood we have ݕ ൌ  ,ሺܺሻ்݌ݔܧ
and by Theorem 12 we have: 
 

ሻݕ௧బሺܣ																			 ൌ ሺܺሻ൯்݌ݔܧ௧బ൫ܣ
ൌ ଴ሻሺܺሻ൯ݐ൫݀ሺ்݌ݔܧ 													
ൌ  .଴ሻܺሻݐሺܦܣܩሺ்݌ݔܧ

 
If we choose a basis ଵܺ, … , ܺௗ		of ߬, then ܦܣܩሺݔሻ  

is given in terms of matrix ሺܾ௜௝ሻ, where  
 

ሻݔሺܦܣܩ ௝ܺ ൌ෍ܾ௜௝ ௜ܺ. 
 

Now, for ݕ ൌ exp	ሺݐ ௝ܺሻ we get ܣ௧బሺݕሻ are 
݅ ,ሻݔ௜௝ሺܾݐ ൌ 1,… , ݀ being defined for ݐ sufficiently 
small. Since ܣ௧బ is ܥ∞ in ݔ, this means that ܾ௜௝ሺݔሻ 
is ܥ∞ in ݔ for all		݅, ݆	 that is, ܦܣܩሺݔሻ is ܥ∞.  

3. Invariant Forms on Top Spaces 

In this section we introduce left and right invariant 
differential forms on top space. Just as there are left 
invariant vector fields on a top space ܶ [5], so there 
are also left invariant differential forms. For ݐ א ܶ, 

݂݀

ܧ ݔܧ

݂
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let ݈௧: ܶ ฽ ܶ be left multiplication by ݐ. A ݇-form 
߱	on ܶ is said to be left invariant if ሺ݈௧ሻכሺ߱ሻ ൌ ߱, 
for all ݐ א ܶ. This means for all ݐ, ଴ݐ א ܶ, 
ሺ݈௧ሻכ൫߱௧௧బ൯ ൌ ߱௧, where ሺ݈௧ሻכ show the dual of left 
multiplication ݈௧. Then, we have: 
 
Theorem 14. Let ܶ be a top space with the finite 
number of identity elements ݁ሺݐଵሻ, … , ݁ሺݐ௡ሻ. Then a 
left invariant ݇-form is uniquely determined by its 
values at the identity elements ݁ሺݐଵሻ, … , ݁ሺݐ௡ሻ. 
 
Proof: It is clear that ሺ݈௦షభሻ

൫߱௘ሺ௧ሻ൯כ ൌ ߱௦, where 
݁ሺݐሻ is the identity element of ݏ, i.e. ݏ א ݁ିଵ൫݁ሺݐሻ൯. 
Since, by Theorem 3, the top space ܶ can be written 
by disjoint union of ݁ିଵ൫݁ሺݐ௜ሻ൯, where ݅ א
ሼ1, … , ݊ሽ, the proof is completed.  
 
Theorem 15. Let ܶ be a top space with the finite 
number of identity elements . Then every left 
invariant ݇-form ߱	on top space ܶ is ܥ∞. 
 
Proof: It would be evident that ݁ିଵ൫݁ሺݐሻ൯		is a Lie 
group, for all ݐ א ܶ. Since ݁ିଵ൫݁ሺݐሻ൯ is a Lie group, 
then ߱ is a ܥ∞ ݇-form on	݁ିଵ൫݁ሺݐሻ൯, by the same 
process of the previous theorem ߱ is ܥ∞. 

Similarly, a ݇-form ߱ on top space ܶ is said to be 
right invariant if ሺݎ௧ሻכሺ߱ሻ ൌ ߱, for all ݐ א ܶ, where 
:௧ݎ ܶ ฽ ܶ is defined by ݎ௧ ሺݐ଴ሻ ൌ ଴ݐ ଴, for allݐݐ א
ܶ. 
 
Corollary 16. Every right invariant ݇-form on top 
space ܶ, with the finite number of identity 
elements, is ܥ∞. 

Note that in the following theorem by ߗ௞ሺܶሻ் we 
mean the set of all left invariant ݇-form on ܶ. 
 
Theorem 17. Let 	߬ be the Lie algebra of top space 
ܶ with the finite number of identity elements. Let 
 ሻ be the space of all alternating ݇-tensors onכ߬	௞ሺٿ
the Lie algebra ߬. Then ߗ௞ሺܶሻ் is isomorphic into 
 .ሻכ߬	௞ሺٿ
 
Proof: Suppose ߶:	ߗ௞ሺܶሻ் ՜ ٿ௞ሺ	߬כሻ is defined by 
߶ሺ߱ሻ ൌ ߱௘ሺ௧ሻ, where ݐ א ܶ. Since 
߶ሺ߱ ൅ ߱′ሻ ൌ ሺ߱ ר ߱′ሻ௘ሺ௧ሻ ൌ ߱௘ሺ௧ሻ ר ߱′

௘ሺ௧ሻ, 
where ר denote the wedge product, then ߶ is a 
linear map. 

Now, let ߶ሺ߱ሻ ൌ ߶ሺ߱′ሻ, then ߱௘ሺ௧ሻ ൌ ߱′
௘ሺ௧ሻ. 

Then for every ݐ଴ א ݁ିଵ൫݁ሺݐሻ൯, we have: 
 

ሺ݈௧బሻ
൫߱௘ሺ௧ሻ൯כ ൌ ሺ݈௧బሻ

′൫߱כ
௘ሺ௧ሻ൯, 

 
thus ߱௧ ൌ ߱′

௧బ	. 
Let	ݐଵ א ܶ െ ݁ିଵ൫݁ሺݐሻ൯, then ሺݎ௧భሻ

ሺ݈௧భሻ	כ
൫߱௧బ൯כ ൌ

ሺݎ௧భሻ
ሺ݈௧భሻכ

′ሺ߱כ
௧బሻ, then ߱௧భ௧బ௧భ ൌ ߱′

௧భ௧బ௧భ, and so 

߱௘ሺ௧భ௧బ௧భሻ ൌ ߱′
௘ሺ௧భ௧బ௧భሻ, since ݁ሺݐଵݐ଴ݐଵሻ ൌ ݁ሺݐଵሻ, 

then ߱௘ሺ௧భሻ ൌ ߱′
௘ሺ௧భሻ. Thus ߱௦ ൌ ߱′

௦	, where 
ݏ א ݁ିଵ൫݁ሺݐଵሻ൯. By the same process we can show 
that ߱௥ ൌ ߱′

௥	, for all ݎ א ܶ. Therefore ߱ ൌ ߱′, on 
ܶ.  

Then ߶ is an injective map, and this completes 
the proof of Theorem 17. 

So, for a top space ܶ with the finite number of 
identity elements we have: 
 
Corollary 18. ݀݅݉ߗ௞ሺܶሻ் ൑  .ሻכ߬	௞ሺٿ ݉݅݀
 
Lemma 19. Let ܶ be a top space of dimension		݊, 
with the finite number of identity elements and the 
Lie algebra ߬. Then for each ݐ଴ א ܶ, the differential 
at the identity ݁ሺݐ଴ሻ of the map 
௧బܣ ൌ ݈௧బݎ݋௧బషభ: ܶ ื ܶ is a linear transformation 
:௧బܣ݀ ௘ܶሺ௧బሻ ื ௘ܶሺ௧బሻ. Also, the map ܦܣܩ: ܶ ՜
ሺܮܩ ௘ܶሺ௧బሻሻ ك ଴ሻݐሺܦܣܩ ሺ߬ሻ defined byܮܩ ൌ   is	௧బܣ݀
a top space homomorphism. 
 
Proof: By chain rule theorem we have ݀ܣ௧బ ൌ
݈݀௧బ݋	ݎ݀௧బషభ, and then ݀ܣ௧బis a linear map. Since 
the Lie algebra ߬ of ܶ is a vector space, and ݈݀௧బ 
and ݀ݎ௧బషభ		are injective and surjective linear 

transformation on Lie group ݁ିଵ൫݁ሺݐ଴ሻ൯, then ݀ܣ௧బ 
is an isomorphism of vector spaces. Now, let 
ሺܷ, ,ଵݕ … ,  ଴ሻ in ܶ. Relativeݐ௡ሻ be a chart about ݁ሺݕ
to this chart, the map ݀ܣ௧బ	 at ݁ሺݐ଴ሻ is represented 
by the Jacobian matrix. Since ܣ௧బሺݐሻ ൌ  ଴ିଵ is aݐݐ଴ݐ
 and ∞ܥ map, all entires of Jacobian matrix are -∞ܥ
then 	ܦܣܩሺݐ଴ሻ is a ܥ∞- map of		ݐ଴. 
 
Theorem 20. Suppose ܶ is a compact connected 
top space of dimension ݊, with a finite number of 
identity elements. Then every left invariant ݊ -form 
on ܶ is right invariant ݊ -form. 
 
Proof: Let ߱ be a left invariant ݊ -form on ܶ. For 
any ݐ଴ א ܶ, it is easy to show that ሺݎ௧బሻ

 is also ߱	כ
left invariant. Since ܶ is a manifold of dimension ݊, 
then ݀݅݉ߗ௞ሺܶሻ் ൌ ሻכ߬	௞ሺٿ݉݅݀ ൌ 1, ሺݎ௧బሻ

߱	כ ൌ
݃ሺݐ଴ሻ߱, for some nonzero real constant ݃ሺݐ଴ሻ 
depending on ݐ଴.  

Now, we show that ݃: ܶ ՜ ܴ െ 0 is a 
homomorphism of top space ܶ into Lie group 
ܴ െ 0 with the the product of nonzero real numbers 
(Note that each Lie group is top space).  
݃ is a homomorphism because:  
݃ሺݐ଴ሻ݃ሺݐ଴′ሻ߱ ൌ ሺݎ௧బሻ

௧బ′ሻݎሺ	כ
߱כ ൌ ݃ሺݐ଴ݐ଴′ሻ߱, then 

݃ሺݐ଴ሻ݃ሺݐ଴′ሻ߱ ൌ ݃ሺݐ଴ݐ଴′ሻ߱, since ߱ is a ݊ -form 
and ݀݅݉ٿ௞ሺ	߬כሻ ൌ 1, then ݃ሺݐ଴ሻ݃ሺݐ଴′ሻ ൌ ݃ሺݐ଴ݐ଴′ሻ.  

To show that ݃ is a ܥ∞- map, we have:  
 
݃ሺݐ଴ሻ߱௘ሺ௧బሻ ൌ ሺሺݎ௧బሻ

ሻ௘ሺ௧బሻ߱	כ ൌ ሺݎ௧బሻ
 ௘ሺ௧బሻ߱	כ
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                          ൌ ሺݎ௧బሻ
ሺ݈௧బషభሻ	כ

  ,൫߱௘ሺ௧బሻ൯כ
 
thus		݃ሺݐ଴ሻ		is induced by map ݀ܣ௧బ: ܶ ՜ ܶ, then 
we have ݃ሺݐ଴ሻ ൌ   is a	௧బܣ݀	 ଴ሻሻ, sinceݐ௧బሺܣሺ݀	ݐ݁݀
 .∞ܥ ଴ (Lemma 19), then ݃ isݐ map of -∞ܥ
As the continuous image of a compact connected 
set ܶ, the set ݃ሺܶሻ ك ܴ െ 0 is compact connected, 
and then ݃ሺܶሻ ൌ 1.  

Hence ሺݎ௧బሻ
߱כ ൌ ߱, for all ݐ଴ א ܶ, and the proof 

is completed. 
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