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Abstract

Let H beaHilbert space of functions analytic on a plane domain € such thet for every A in  the functional
of evaluation at A is bounded. Assume further that H contains the constants and admits multiplication by the

independent variable Z, M, asabounded operator. We give sufficient conditionsfor M | to be reflexive for
z

al positiveintegers N.
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1. Introduction

By a domain we understand a connected open
subset of the plane. If B is a bounded domain in
the plane, then the Caratheodory hull (or C-hull) of
B is the complement of the closure of the
unbounded component of the complement of the

closure of B. The ©-hull of B isdenoted by B".

Intuitively, B can be described as the interior of

the outer boundary of B, and in analytic terms it
can be defined as the interior of the set of all points

Z, in the plane such that | p(z,) k< sup{| p(2) |: z< B}

for all polynomials p . The components of B ae

simply connected; in fact, one can easily see that
each of these components has a connected

complement. The component of B" that contains
B isdenoted by B,. Note that for all polynomials
p.|p|; =[p|s - Notethat B, isa Caratheodory

domain and so by the Farrel-Rubel-Shields
Theorem ([1, Theorem 5.1, p.151]), each bounded
analytic function on B, can be approximated by a
sequence of polynomials pointwise boundedly.

Now let H be a separable Hilbert space and let
B(H) denote the algebra of all bounded linear
operators on H . Recall that if A€ B(H), then
Lat(A) is by definition the lattice of al invariant

subspacesof A, and AlgLat(A) isthe algebra of
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adl operators B in B(H) such that
Lat(A) c Lat(B). Anoperator A in B(H) is
sid to be reflexive if AlgLat(A) =W(A),
where W(A) isthe smallest subalgebraof B(H)

that contains A and the identity | isclosed in the
weak operator topology. For some sources on these
topics see[2-7].

Consider a Hilbert space H of functions analytic
on a plane domain G, such that for each 1 € G
the linear functional, €,, of evauation a A is
bounded on H . Assume further that H contains
the constant functions and multiplication by the
independent variable Z defines a bounded linear

operator M_ on H. The continuity of point

z
evaluations along with the Riesz representation
theorem imply that for each 1 G thereisaunique
function k, e H suchthat e, (f) = f (1) =< f ,k, >,
f € H. Thefunction k/I is called the reproducing

kernel for the point A .
A complex valued function @ on G for which

of e H forevery f € H iscaled amultiplier of

H and the collection of al these multipliers is
denoted by M ( H ) . Each multiplier ¢ of H

determines a multiplication operator M, on H
by M, f =gf f eH. It is well known that
each multiplier is a bounded analytic function on
G (8)). Infat, o] sHM (/,H . We shall use the
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following notation for the norm of the operator
M

(p:
lel. =IM,|.

We also point out that if ¢ is a multiplier and
A€ G, then

MK, = p(A)K,.

Also, we say tha M (H ) is isometricaly
rotation invariant if whenever €M (H),
o €MMH) and o, =[eyf,  where
?,(2) = p(e"’2). By H(G) and H”(G) we
mean respectively the set of analytic functions on a

plane domain G and the set of bounded analytic
functionson G .

2. Main results

In this article, we investigate the reflexivity of the
powers of the multiplication operator M, acting

on a Hilbert function space.
From now on, let €2 be a domain in the complex

plane such that €2, is equal to the open unit disc

D . Also, suppose that the Hilbert space H under
consideration satisfy the following axioms:

Axiom 1. H is a subspace of the space of al
analytic functionson 2.

Axiom 2. For each A € Q) the linear functional of
evaluationat A4, €, isboundedon H .

Axiom 3. The uniform limits of polynomials on Q
is contained in M(H) and M(H) s
isometrically rotation invariant.

Axiom 4. The sequence {f, },_, isan orthogonal

besisfor H where f,(z) = z for al integers K .
Note that by axiom 4, each function f € H can be

represented by series expansion f = znf(n) f,.
For he M (H) and w €0D , define h, by
h,(2) = h(wz) . Thus h,(n) =w'h(n) for all

Nn. Also, since | W|=1 we have

I = 210 O F I = X 1R F .= hf

The following theorem extends the results
obtained by Allen Shields[9] that have been proved
only for the special case where H is the Hilbert
space of formal Laurent series.

Lemma 21 Let oM (H). If g is a
continuous complex valued function on 6D and
dA =|dw|/27 is the normalized Lebesgue
measure on 0D , then the operator

[ agtw)da
defined by
(| oW)dDf = gw)M, fdi

isinM(H) and

Proof: Note that the strong operator continuity of

Jo . 0t)d

WSHM«JHLD lg |dA.

P alows usto define
[ agw)ida
foral feH.If f,heH,then

<J.6D(PW9(VV)fd/1,h >:LDQ(W)<¢Wf yh>dA.

So we get

Hence

<[ i

[ a9W)fda

Jo 19102

([ ag@)dnf = gwMm, fda<|m|[f[[ lglda
This compl etes the proof.

Lemma2.2. If o €H (€,)NM (H), then there
exists a sequence of polynomias {r.} such that

F () =1-—1)4(j) whenever j=0,...n
n+1
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and is O ese, and M, — M in the weak
n
operator topology.

Proof: Let @eH((Q)NM(H). Since

Q, =D, we can represent ¢ by a power series

S p(k)zZ. Put
k=0

n K .~
P(p)=> (1-—)p(K)Z, n>0
(@) é( n+1)co( )Z
and

K, (w) = Z(l—rl%ll)v%, wedU, n>0.

lki<n

Then

[ aK,@)d2=M, , n=0

where
(0K @)= 250K, ()2 =P, (p).

Notethat K, >0 and
[ K.di=1
oD

For adl n>0, P (p)eM((H) and by
LemmaZ2.1, we get

Mg o IFIM, IKIM, ||I5DKndA =M, |I.

Put I, = P,(¢) . Note that M, is represented
by the matrix whose (i,j)-th entry is

<M FE == == haa - DI

Hence

lim<M, f,f>=<Mf, f>

for &l base elements f, and f; in H. By the

boundedness of the sequence {M, } we have
n

M o M, in the wesk operator topology. This

completes the proof.

Theorem 2.3. If {€,: 4 €Q} is norm bounded,
then M , isreflexiveforall k>1.
z

Proof: The boundedness of point evaluations and
the Closed Graph Theorem ensure that in

multiplication by z, M, isabounded operator on
H. Let k eN and note that
W(Mzk) c Algl_at(MZk). On the other hand, let
X e AlgLat(M ,)- Since Lat(M,)c Lat(M ).
we have Lat(M,) c Lat(X). This implies that
X € AlgLat(M,). Note  that since

Me,=4e, for dl A in Q, the one
dimensional span of €, is invariant under M.

Therefore, it is invariant under X" and we can
write X'e, = p(1)e,, 1€ Q. So

< Xf,e, >=< f,X’e, >= (1) f (1)

for dl feH and AeQ. This implies that
X=M,adpeM (H), hence pe H"(Q).
Now put N =H>(,). Then N =g,
snce 1N . Note thaa by axiom 3,
N CM(H). To see this let T eH”(Q,).

Since €2, is a Caratheodory domain, by the Farrel-
Rubel-Shields Theorem [1, Theorem 5.1, p. 151],
there is a sequence {p,} of polynomials

convergingto f such that for all N, N for some
c>0.s0{p,}, isanorma family in H”(Q)

and by passing to a subsequence if necessary, we
may suppose that for some function g, P, —> 9

uniformly on compact subsets of €2, this implies
that indeed g=1f. Hence by axiom 3,

feM(H) aadso NCM(H)CH . Also,
itisaclosed subspaceof H , sinceif {h,}, CN
and h, > f in H,sofordl n, ||hn||H <c, for

some C, >0. Because point evaluations are
bounded, for al A in QO we have

h,(1) =<h,.,e, >>< f e, >= f(4).
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Also, we notethat for all A in Q,

M (D) i<, e, >k, e <c.
where C, = sup{|le,||: 2 € 3} . Thus
Ih, eIl <cc,

for al N. Since h, e H*(Q,), ||hn||Ql =[],
and so |h, |, <cg, foral n. Thisimplies that
1

{h}, isanormal familyin H”(€2;) and we may
assume that for some function g, h,—g
uniformly on compact subsets of €. Thus

ge H"(Q,). But by pointwise convergence
f=g on Q and so f can be extended to a

bounded analytic function on €}, i.e,
feH”(Q,) and so N s indeed a closed
subspace of H . Now clearly N eLat(M,),

thus XN CNV. Since 1eN we get
X1=peN CH>™(,). Now by Lemma 2.2,

there exists a sequence of polynomias {r,}
(indeed 1, =P, (p)) such that Mrn — M, in
the weak operator topology. Now let M « bethe
closed linear span of the set { f,, :N>0} (recal
that f (2) =2 fordl i). Wehave

M f o :f(n+1)k eM,

z

for al N>0. Thus M, eLat(Mzk) and so

M, €Lat(M,).Let ¢(2) = > H(n)Z". Since

n=0
1eM,, thus M 1=p €M, . Hence (i) =0
for al 1 Nk, Nn>0. Now, by a consequence of
the particular construction of I, used in Lemma

2.2, each I, should be a polynomial in Zk, i.e,
r(2) = q,(Z") for some polynomial g, . Thus

M, =r.(M,)=q,M ,) > X

in the weak operator topology. Hence
X eW(M ,). Thus M , is reflexive and this
z z

completes the proof.
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