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Abstract

Using the Riemann-Liouville fractional differintegral operator, the Lie theory is reformulated. The fractional
Poisson bracket over the fractional phase space as 3N state vector is defined to be the fractional Lie derivative. Its
properties are outlined and proved. A theorem for the canonicity of the transformation using the exponential
operator is proved. The conservation of its generator is proved in a corollary. A Theorem for the inverse fractional
canonical mapping is proved. The composite mappings of two successive transformations is defined. The
fractional Lie operator and its properties are introduced. Some useful lemmas on this operator are proved. Lie
transform depending on a parameter over the fractional phase space is presented and its relations are proved. Two

theorems that proved the transformation @ = E,,Z is completely canonical and is a solution of the Hamiltonian

system (30) are given. Recurrence relations are obtained.
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1. Introduction

In 1966, the Poincaré and von Zeipel-Brouwer
theories were rejuvenated by Hori [1] through the
introduction of canonical transformations expressed
by Lie series mappings instead of the classical
Jacobian transformations.

Over the years many different techniques have
been developed for handling various perturbation
problems. Some are suited for a few specia
problems while others are quite general, but almost
all were devel oped before the computer age. To our
knowledge only one general technique was
developed specifically to be used in conjunction
with a computer algebra system, namely the method
of Lie transforms. It is truly an agorithm in the
sense of modern computer science: a clearly
defined iterative procedure. The method was first
given in Deprit [2] for Hamiltonian systems of
differential equations, then generalized to arbitrary
systems of differential equations by Kamel [3] and
Henrard [4]. The predecessor of this method was a
limited set of formulas given in Hori [1]. All these
papers appeared in astronomy journals far from the
usual journals of perturbation analysis. Through the
seventies only afew papers on this subject appeared
outside the astronomy literature. Recently, several
books have presented the method but only in the
limited context in which it wasinitially devel oped.
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In celestial mechanics, the Hamiltonian is usualy
a periodic or amost periodic function of time, a
further requirement would be the averaging of the
Hamiltonian to eliminate the time. The canonical
form of differentia equations offers a possibility of
establishing general rules governing
transformations from one set of variables to another
set. Under these rules the canonical form of the
equations is preserved. When choosing the suitable
transformation, the original problem may be
changed to a simpler one. Often the number of
degrees of freedom is reduced, and in some cases
the complete solution may thus be achieved.

A theorem by Lie has been applied to construct
explicit transformations. Hori [5] constructed an
algorithm using the Lie series to determine the
transformed Hamiltonian from the old one. Deprit
[2] constructed another algorithm to generate the
new Hamiltonian recursively using the Lie
transform. Cambell and Jefferys [6] and Mersman
[7] showed the equivalence of Hori's and Deprit's
methods while Kamel [3] simplified Deprit's
algorithm. Hori [8] showed that second order, Lie
transforms are equivalent to von Zeiple's technique.
Shniad [9] proved that the von Zeipel
transformation is equivaent to the Deprit's
transformation, while Mersman [10] established the
equivalence of Hori, Deprit and von Zeipel
transformation. Sessin  [11] showed that the
equations generated by Lie-Deprit's method could
be solved in the same way as Hori did in his
method. Varadi [12] constructed transformation
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depending on two parameters. Ahmed [13]
developed a method to construct a Lie transform in
the multiple-case parameters. Cui and Garfinkel
[14] modified Hori's method to achieve the
solution, when the unperturbed part of the
Hamiltonian depends only on the momenta, without
using pseudo-time.

The Fractional Calculus (FC) generaizes the
ordinary differentiation and integration so as to
include any arbitrary irrational order instead of
being only the positive integers (see Samko et. al.
[15], Kilbas, et. a. [16], Magin [17], Podlubny
[18]). In aletter to L'Hopital in 1965, Leibniz raised
the possibility of generalizing the operation of
differentiation to non-integer orders, and L'Hopital
asked what would be the result of half-
differentiating X . Leibniz replied, It leads to a
paradox, from which one day useful consequences
will be drawn. The paradoxical aspects are due to
the fact that there are severa different ways of
generalizing the differentiation operator to non-
integer powers, leading to inequivalent results.
During the second half of the twentieth century,
many authors have explored the world of FC giving
new insight into many areas of scientific research in
physics, mechanics and mathematics. Miller and
Ross [19] pointed out, there is hardly a field of
science or engineering that has remained untouched
by the new concepts of FC. To move from the
integer-order calculus to the FC version of a system
we replace the time derivative in an evolution
equation with a derivative of fractional order.
Riewe [20], [21] has formulated Lagrangian and
Hamiltonian mechanics to include derivatives of
fractional order. It has been shown that Lagrangian
involving fractional time derivatives leads to
equations of motion with non conservative classical
forces such as friction using certain functionals. In
these references, fractional derivative terms were
introduced in functionals to obtain nonconservative
terms in the desired differential equation. Agrawal
in a very interesting series of papers, see Agrawall
[22-24] has developed fractional calculus of
variations dealing with Lagrangian involving
Riemann-Liouville (R-L) fractional derivatives. He
has presented fractional Euler-Lagrange equations
involving Caputo derivatives. Baleanu and Muslih
[25], [26] developed a fractional Hamiltonian in
terems of Caputo derivatives. Baeanu [27]
compared the results of fractional Euler-Lagrange
equations corresponding to several fractional
generalized derivatives. He presented fractional
Lagrangians which differ by a fractional Riesz
derivative. He showed the difference of the
obtained fractional Euler-Lagrange equations when
several fractional derivatives are used, namely the
Riemann-Liouville, Caputo and Riesz derivatives.

In fact, Poisson brackets constitute an important
part of Hamiltonian mechanics. Therefore a
generalization of Poisson-bracket (fractional
version) is introduced. Using this fractiona
Poisson-bracket, some very useful theorems and
Lemmas that are required for Lie series and
transform are proved. A final word is with the
fractional mechanics. In a forthcoming work we
hope to prove both conservative and non-
conservative systems with only one equation of
motion.

2. Riemann-Liouville Fractional Operator

The development of the FC theory is due to the
contributions of many mathematicians such as
Euler, Liouville, Riemann, and Letnikov. Several
definitions of a fractional derivative have been
proposed. These definitions include Riemann-
Liouville,  Grunwald-Letnikov,Weyl,  Caputo,
Marchaud, and Riesz fractional derivatives, see
Miller and Ross [19], Riewe [20], and Baleanu
[27]. Riemann-Liouville derivative is the most used
generalization of the derivative. It is based on the
direct generalization of Cauchy's formula for
calculating an N -fold or repeated integral. The
right and the left Riemann-Liouville fractional
derivatives, in brief are denoted by RRLFD and
L RLFD respectively, [28] can be written as,

X

x [ F () (x-t)"“Hdt 1)

a

001 (0= (-

b

x[ (1) (x—t)" "t (2)

X

Dy f(x)=

where I' represents the Euler gamma function, «
is the order of the derivative such that
n-1< a <n.If a isaninteger, these derivatives

are defined in the usual sense,

e D" f (x)=(%)a (%),

and

D5 100=(-5 ] 109

X

The fractional operator ,D; can be written as
[29],
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Df=| — | D" 3
a~x [dxnja X ()

where the number of additional differentiations n
isequal to [@]+1, where [ «] is the whole part of

o. The operator _D; is a generalization of

differential and integral operators and can be
introduced as follows:

a

proct Fractional differentiation mapping
X

D* =1, Fractional unitary mapping

a X

Idt’“ Fractional integration mapping

Definition 1. Let A( "o )eR3" be the set of all
u, a ﬂ

redl analytic functions of 3N canonically
conjugated variables Z =(u,U,,,U,,) which define

the fractional phase space as 3N state vector, and
let F,We A( . The Fractiona Lie

uwU,.U ﬂ)
derivative £, generated by W over the fractional
phase space is defined by the generalized Poission
bracket £,, =(F;W) [30]

N
o, F =3 o7 ow | ow
“~lou, \ou,, au,,

oW [ oF  oF
- + 4
ou, | au,, au

where U, and U, the fractiona canonical

momenta are obtained by replacing the ordinary
differentiation of the generalized coordinates u
with respect to time by the fractional differentiation
as

oL (u,,Du, D{u,t)

Ua: L)
0,Dfu

oL (u,a Dfu,, Dfu,t)
u,= 7
0,D{u

note that U, and U, are independent, and L is
the Lagrangian of the problem.

2.1 Properties of the Fractional Lie derivative

Let ]-',IC,WeA( and o, <R, R bethe

uwU,.U ﬁ)
real numbers, then the following properties hold

Ly(aF+pK) = af,(F)+pL,(K)

Lw (.7-"-IC) = K-LuF+F-£,K ©)
Ly (F:K) = (FL4K)+(LwF:K)

LvLy = Lugy +£(w;v)

The first two properties of (5) can be proved
directly and the last two properties of (5) can be
proved as follows:

Proof: The third property can be proved as;

ZN:{a(f;IC)[ oW, ow J_%[a(f;lc)

| ou (au,; au, ) au | au,
o(F;K N o(W;

+(;f)+z(f) oK oK
Uy, =| ou au, au,

aul au, Ay,

aic[a(w;f)+a(w;f)}+ N {6(IC;W)

X[ OF , OF J_g{a(/c;w)ﬁ(/c;w)}:()

oJ,; U, ) ou{ dU, oU;

After some lengthy algebraic manipulation we
can verify that the Jacobi identity holds true in case
of using the fractional operator

((F5 )W) +((W; F): K) +((Kw); F) =0
(FK)W) = ((F:W):K)+(F5 (kW)

Ly (FiK) = (& FiL)+(F: 8y, K)

Proof: The fourth property can be proved as:
LLuF = &, (FW) = ((FwW)V)

Using the Jacobi identity we obtain
(FW)V)+((ViF)W)+ (W), F) = 0
(FW)V) = ((FV)W)+(F (W)
g (FW)=¢g, (FV )+£(\Ny)f
f ;Il'henth iterate of the Lie derivative is defined as

O F=F S F =8\ F & F=g,80'F
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and the corresponding first three properties are

Ly (aF + pK) = aly, (F)+ BLy (K)
= YCI -G ©)

n

L, (F:K)= Z;)c;(sv"vf;s”v;m/c)

2.2. The Exponential Operator

Definition 2. Since WeA( ) is real anaytic,

“’Ua'U/}
we may choose & sufficiently small such that the

exponential operator exp(&£,,) exists at al points

(uU,,U,) of the fractional phase space as an

operator function analytic a ¢ =0. Now we can
define the exponentia operator as

n

ep(sLy)=Y %S“W @

n=0

The formulas corresponding to (6) are
exp(eL,, ) (aF +pK) =aexp(eL,, ) F+pexp(eL, ) K

exp(eL, ) (F-K)=exp(L,, ) F-exp(e€, ) K (8)

exp(s8, ) (FiC) =(@p(£€w ) Fr0( 2Ly ) K)
Theorem 3. The transformation
Z(uU,,U,)—&(u,U;,Uy) given by
E=exp(eL,,)Z(u,U,,U,) is
canonical

completely

Pr oof:

exp(eLy, (5 5,-)

(exp exp(££y)Z;)
(exp SSW )( ZJ)

(1+g£ + £2+ j

UU

[1+g£ + 2£2 +.. j
5

\]IlVé‘J:JU

I 0
where J“V{O I} is the usual 2nx2n skew

symmetric simplectic identity matrix, and hence the
& is a canonica set. This is of course because

exp(e£, ) acting on the constant matrix J “ just
leavesit invariant.

Remark 4. An intermediate result is that

& =exp(eLy)Z,

&=2 +Z s” 'S Z;
< ow oW
Z 71
5= +n1n| Z{tE‘u [au auﬁi]

_ow( oz, oz, ©
au (au, U,

in particular

u =u + g—s”wl aW W
= n! 6Uﬁi
(10)
. &6 e OW
U, +Uj; =U,, +U,, Zm S

n=1

Theorem 5. The image of a real analytic function
F (&) under themapping & =exp(&£,,)Z is

F(2.6)=F(em(L)Z) = exp(eS, ) F(2)

Proof:

» 0 gn 6”]‘1

F(ze) = Y= 11
(2.2) Snlooe" | ()

but

oF OF(E)ogr 0T &)y .

de  0&"  O¢ ogr W

#£=1,2,3,,..3n
oF _oF(£)(og" TJM(aWj
e o&" \ ozt oz°

oF _ | 1,0F (£)( og" T(@Wj
o 0" \oz* ) \az°
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OF _(0F ) ; 1f OW -
== =g, F 12
oe [az*j [azaj v (12

and the n" - iterates give

oF = Mf (13)
oe
and
= gF@20) = 57 (2)
oe 0
so that (11) yields
Flze) = Y5u7(2)
n=1 'k
or
F(exp(£€y)Z) = exp(eLy)F(Z) (14

Corollary 6. The generator W is conserved under
the canonical mapping & = exp(&£,,)Z such that

v (o (oW ow
w =W| e —
(6) ( Xp(gé{auj(auafapfujj

aw{ o 0 )}
W9, 9 iz
au \au,, U,

N AW O W
W(¢)= W( eXp[gz{aujaUa,- " ou;0U

=1

W Aw H
oudU,, ou.au,,

-W(Z)

Theorem 7. If the function F(&,¢) depends
analytically on & (i.e. admits Taylor series in the
neighborhood of & = 0) so that

F(&e)=Y 5 R (8) (15)

E=exp(eL,)Z is

where C;, = isthe binomial coefficient.

n!
m!(n—m)!
Proof: From theorem 4

7o (&) =exp(eLy) 7, (2)

& m
= m:OHQWﬁ (Z) (17)
S0 that
F(ée) = ig—n £ F (2) (18)
n=0 n! mzlm! e

set Mm+rN=N=N2>0, 0<m<N, then

&N N
F&e) = 2o Z o en(2) 9
Theorem 8. The inverse of the fractional canonical
mapping & =exp(eL,, )Z is Z=exp(eL )&
Proof:

Let

Z = exp(gﬂw*)g

= exp(gSW* )exp(gSW )Z

= exp(g(sw* + Ly ))Z

hence the the operator exp(e(!l . +2WD must
W

reduce to the identity transformation, i.e.
SW* + £, =0, and therefore

W =-w
3. Composite M appings
Define two successive transformations

e

(WU,.U,) S (uU,u;) S (um,us,us)

with W' (u™, U, Uy).

The composite transformation (u,Ua,Uﬂ) -

(u”,U7,Uy) isaffected as follows:
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F(u,U,.U,)

_z_ " Z_ f»(u** U** U**)

n>0 n
—Zz c ko mf(u**,u;;*,u;*)

nUmO

]—‘(u,uj,u*ﬁ*)z[lw(sw* +£W)

+%(22W* +28 2+ %)
+.]F (u",U5,U7)
=F(u",U;,U; ) +&(FW+wW')

+“;—j(zzw* +28 Ly + 8y ) F+O(&) (20)

Using therelation
Lolw =Lk .+ S(W;W*),
82
the term factored by = in the expansion of (20)

becomes
(2,422, 80 +8))= 2 +2u8,
+£ +£ Ly + L&,

o

= (St )+ € o+ S (S + 2, )

(ww’)
=(ew+L,. )(Cute, )L

o

therefore equation (20) retaining the terms up to the
second order in & becomes

F(uU,,U,)=F(u",F(u",u;,uy))
+g(]—‘;W+W*)

2
&

+E(((}";W FW )W W)

+(Fw+w')) (21)

3.1. The Fractional Lie Operator

Any perturbation theory usualy depends on a
small parameter, ¢, and the solution of the problem
isknown at £ =0 (or a any other specified value).
In the Lie transformation theory just described, this
parameter is not allowed for, however, this can be
accomplished by introducing the fractional Lie
operator

_NJoF oW oW | W[ aF  oOF oF
A ‘E{m(w+m]‘m[w+au}+ag @

where
W=W(u,U, Uy, &), F=F(u,U,U,e)
Similar to £,,, the Lie operator A, has the

following properties

Ay (aF + pK) = ar,, (F)+ Ay, (K)
Ay (F-K)=K-AF + F-A K

(23)
Ay (FiK)=(F;A,K)+(A,F.K)

Ay Ay =Dy Ay + €4, +£(%ﬂ)

de  O¢

The proofs of the first three properties are clear,
to prove the last property we introduce the
following Lemmeas:

Lemma 9.

0 OF
—(&,F)=8, ——+L,F
ag(v ) Svau+ﬂ

j e

Proof:

(sf%[ { (av aﬂV,J
LI
SITICS LIS
_%[au bﬁm@f)ﬁ
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W3 L(ﬂ}rl{ﬂj
~lou \au, Los) au, \oe

_i(ﬂj oF | oF
ou L as )lou,, " au,,

0 OF
— (&, F)=L£ —+£,, F
ag('ﬂ\/ ) 'QV au] + 65\/7
Lemma 10.
LVF==-£,F
Pr oof
N o(-Vv o(-Vv
S—szz a_f ( - ) ( 5 )
= | ou; | 0,Du;  0,Dyy,

_3)_oFf av) |, a(v)
_,Z:;‘{ ou, (6 D’u ' &.D7u
o\Vv)( or oF
+ +
ou; | 0,Dfu;  6,Dfu,
_ _i oF [0V )+ o)
“~lou, |au,, au

_6(\/)( oF | oF ]}:—s -

ou, (oU,, U,

Lemma 11.

CwF-L F=¢

o o¢

F

(%)
de Oe

Proof: Using the previous Lemma

L F-LoF= (sw +£ij

o¢ O¢ O¢ ¢

o¢

_i(
ou

(SanFS v
de

=g

(ﬂanrSav

J N
¢ j=

F=3

1

oW
ol ——

OF ( oe J
ou; | au,,

%) %) %)
+ o¢ ) \0s) \0¢

oU ou,; oU
n v oF o
de  0e )\ dU,; OUy;

jf:
76‘5
] o (o o
| ou; | U, \ 0 Og
(2 )
GUﬂj o Oe
fow_av(or  or
6uj 6uj 6Uaj 6Uﬂ

(EW oV )
oe  Oe

)

Now we are going to prove the last property
mentioned above

AV AW

Proof:

AV sz(

+£Wi+£ew +—
oe

:[SWSV +Ly—+=

+£

(Wiv)

Ay Ay, +£

0
L +—
v 85}(

0
=S+ +E& 2

O¢

Ly +—
W 85)

62

oe?

0

o€

+£aw _Eav

¢

¢

Wv)

0

o€

0
o€

+ £

v

82
2%

e

oe

)

)
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=4y A +£(\NV)+£5W v >3 g™ gmm
‘ PR = R N E— L o
[ag agj ;n;)m| "\ L:O(n_rn)! W o
The n™ iterate of the Lie operator Ay, is 0o
defined as Lie derivaive ), with the Bo(F:K)= 2.2, b
corresponding properties
where
Ay (aF + BK) = any, (F)+ pAy (K) a = A F| b =LAl K
r! o r! o
AL (F-K) =Y ClARF-AL"K (24) then
m=0

Ay (F;K) =Zn; Co (AWF: AL "K)

These relations can be obtained from the
successive applications of the operator A,,

4. Lie Transform Depending on a parameter

Consider the mapping

PRSI W0,0,0) @9
n=0 '

where

f(”)(u,Ua,U/;,o)=A\r/1v]:(u'ua’uﬁ’0)‘g=o

This mapping is caled the Lie transform
generated by W . Obvioudly if there exists a finite

quantity K such that
F(u,U,,U,,0)<k"

in some neighborhood of a point (uO,Uao,Uﬂo),

the series (25) converges. The following relations
aresatisfied by E, :

Ey(aF + BK) = aE,F + BE,K (26)
E.(FK)=E,F E,X (27)
By (F:K) = (B F ExK) (28)

Proof: Thefirst relation (26) follows directly. Now
we are going to prove the relation (27)

(7 K)=3 5

n=0

CrARFALTK]

m=0

E,(F-K)=Y a,3 b, =E,F -E,K

B, (Fi)= Y.

j=0

alc(“)

ouU 4,

" (e arc™
— +
n'|ou .

n=0 a]

oF™

_l_
ou 4

.

ialc(”)
n! 8uj

)

=0

|

8uj

U,

a(EWf)(a(EWK)

+6(EWIC)]_[6(EW}')+6(EW}')]

ou

OU 4

LO(EwK)
ou

i

ou

}:(wa:wac)
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Theorem 12. The transformation (Z,¢)— @,
defined by ® = E,Z iscompletely canonical

Pr oof:

_i(ua1+uﬂz) ﬂ.ﬁ. aUV
u  TMeu, au,

]
(@,:0,)=Eyd " (29)
Theorem 13. The transformation ® = E,Z is the

solution of the Hamiltonian system

dg _ oW (®,¢) . oW (®@,¢)
de 0=, 0B,

(30)
d(E,+8,) _ ow(®.¢)

de o0&

with theinitia conditions
®(£E,5,)=2Z(uU,U,) as=0

Proof: To prove this theorem we shall prove that
the expansion of the @ of the Hamiltonian system
(30) in powers of & results in the expressions
®=E,Z. Assuming ®(Z,¢) red anaytic
function

Ao _od [ o® oD |OW(®,¢)
0B, o0=,) o

+a£[aw(q>,g)+ 8W(<D,e‘)]

oe| oE, o=,

do _oo, o 6W((I),£)+6W(CI),3)
de 0Oe 0¢& 0B, =

_aw(cp,g)[ o aapj

o0& 08, 0E,
d® _® o o=a, (31)
de oO¢
Therefore

~E, (2) (32)

Theorem 14. The image of real analytic function

.7-"(u, u,, Uﬁ,,s) under the mapping
®=E,(uU,U,)is
F(wU,.U,6)=Ey(uU,,U,,z) (33)

Proof: The proof follows directly from (31) since

dF¥ _dF 6;13_ dF
de do o¢ do

Ay® = A, F (D,¢)

a7

i =AW}'(F,3)| .

&=
£=0

=AF (u,U,.U,,z)

f(dD,g):Zz)gn! Ay F

=0

= EW}"(U,Ua,Ub,g)
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5R Relati
ecurrence Relations +2Cm F (u u,,u ) (42)
When both W(u,U,,,U,, &) and F(u,U,,U,,¢) Consequently
can be expanded in power series in g, the o o
2 _ 2
coefficients f(n)(u, Ua,Uﬁ,O) can be constructed F(uU,U,,0)= % (U’Ua’uﬂ)
recurrsively. Using - }—1(1) + 21]_5(1)
0 gn
(WU, Upe) =3 T (uU,U,) (39 = F+(FiW) (43)
o o Using (39) and (40) we obtain
F(u,U,_,U,,e —F(u,U,,U (35
( 0 €)= nz;n. ( ﬁ’) }'o(z)(lJ,U,,,Up):]'—2+2(-7:1;W1)+(]:0;W2)
to simplify the notation set €, = ¢p, p=1, then +((Fow,)w, ) (44)
w N Generally
aif(u,Ua,ub,a)zz%frﬂ(u,ua,uﬂ) (36)
& n=0 '
o AYF(u,U,,U,,¢) Z R '(uU,.U,)
;:Wf(u,ua,ub,a)=z—|£mlf(u,ua,uﬂ)
i n! F(uU,,U,)= £ (uU U,)
00 0 gn
Z IS””ZF}—”(U’UWU/}) C~n (k-1)
n=0 ' n=0 'h +Zcm£nwlﬁ—m (U’Ua’Uﬁ) (45)
» gn n n m=0
;F;Cm m+1¥Y n— m(u’Ua’Uﬂ) (37) fk(U’Ua’Ub’O):‘ﬂ(k)(u’U“’Uﬁ)
We s eresn 8,.7(0.0,,,.) by e A u,u,)
series
- +£, 7 (u,u,,U 46
AyF(u,U,, Uy, ¢) Z%J—; (uwU,.U,) (39 S ) 0
"o This can be represented by the following
with recursive diagram.
FO (4U,.U,)=%,(uU,U,) 5.1. The Recursive Diagram
+DCnL i m(UU,.U,) (39) F=F"
m=0 \L
Consequently FoFR=F
F9(u,U,,U,,0)=F"(u,U,,U,) ¢ i) "
SEioF f—)]—'l—)]-'il F
=F+(FW) (40) L 2 3
FooFY > FP 5 7@ =F9
Similarly setting \: \A
F,—

AZF(u,U,,U,,6)= ;8_!?”@ (wU,.U,) (@)
Wefind
£2(uU,,U,,0= % (u.U,.U,)

any element is obtained from those in the column
just to the left and in the same row and those above
the considered element, e.g.

B = B 85+ 28, T4 8T,
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fl'(z) — ‘7:2(1) +21f1'(1) +£2f(')(1)
f’(?’) - fl'(z) +21f(')(2)

Then the function F™ can be constructed
recursively as Deprit did in [2] asfollows

Atvfzi%?fn(k)(u,ua,uﬂ) (47)

nx0 %

FO(uU,U,)= 75 (uU,.U,)
YL F (uU,.U,) (“8)
FY Zuo U,.U,:0)=%"(u,U,.U,)
= BN 7 (49)
Now we can consider the transformation
(uU,.U,8) = (u, U5, U5),

the fundamental transformation equation can be
obtained as

0 n
u* = u+) £y (50)
n>1 n!
C LU = & (UM Ly
U, +U; =U,+U,+ 32U+ U)) (D)

nx1 i

F(u,U;,Uy6)=F(u,U,,U,)

+i€n—:f(”>(u,ua,uﬁ) (52)

nx1

The inverse transformation can be written as

u=u’ +Z%u*(”) (u*, U, U*ﬂ) (53)
n>1 '
U,+U, =U, +U, (54

5.2. Smplified General Algorithm

To simplify the algorithm for evaluating the
transformation and its inverse, set equation (48) in
the form

n>1k>0 (55)

—-m-1?

n-1
AAREAPREDSEVNA
m=0

We then proceed to write the right-hand side of
equation (55) such that £ may be obtained in
termsof Fl  Fkeny o K

Thus it can be assumed

n .

FO = SerGg A n21,k>0  (56)
j=1

where G, isalinear operator which isafunction of

L5 L0 £ o0 Ly

Substituting equation (56) into equation (55)
yields the following recursive relationship;
i-2
G =¢£,->Cle G . n2Lk>0 (57)

m=0

j—-m-1?

Successive application of equations (55) and (56)
yield the required relations for the vector
transformation.

5.3. Vector Transformations

The vector functions u™ and ,D“u™ +, D/u™
required to implement the transformation (50), (51),
(53) and (54) aregivenfor n>1 by

n-1 .
ut™ _OW, , oW, +Y CMG" M,
au, U, &

(58)

m gy OV Sans (i) L y(-0)
Ul + Ul _E_)—U+JZ:1:Cj G, (U + Ul )

For the inverse transformation (53) and (54) we
find that

n-1 ,
u™ =-u"+>CcriG\" My,
j=1
UM+ U = (U Up) (59)

+ nic;"lGj (Ufj’” + U(/j’"j))
i=1

6. Conclusion

We presented the right and the left Riemann-
Liouville fractional differintegral operator. Also,
we defined the fractional Poisson bracket over the
fractional phase space as 3N state vector. As usual
in celestiad mechanics literature we defined the
fractional Lie derivative £, F generated by W as

the fractional Poisson bracket (F ;W ).

The properties of the fractional Lie derivative are
outlined and proved. We defied the exponential

(54)
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operator over the fractional phase space. A theorem
of a transformation using the exponential operator
over the fractional phase space is proved to be
completely canonical. The conserved generator W
under this canonica mapping is proved in a
corollary. A Theorem for the inverse fractional
canonical mapping is proved. The composite
mappings of two successive transformations is
defined. The fractional Lie operator A, F and its

properties are introduced. Some useful lemmas on
this operator are proved as a preceding step to its nth

iterate. Lie transform depending on a parameter
over the fractional phase space

EW:]-'—>EW]-':ig—n

> F"(u,U,.,U,,0)

is presented and its relations are proved. Two
theorems proved that the transformation ® = E,Z

is completely canonical and is a solution of the
Hamiltonian system (30). Recurrence relations are
obtained. A simplified algorithm for evaluating the

vectors u™ and U +U(;) transformations and its
inverse Kamel [3] is verified to apply in our case.
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